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J y PROBABILITY FOR* INTERMEDIATE GRA5J1S 

Introduction 



Why Shoulxi 'We Teach Young phildr^rt About Probability ? ' ^' , . / ^ 

Th^re ar^ mhny reasons for helping children develop ideas conceVned with 

probability. • " . : 

• f - < » ^ « 

Children/ as well as ai$u^s, are often confronted with situations which . 
involve probability. While thefee confrontations may not be ci^u^ial i^'o chil- 
dren, they are important and are frequent, so a fundamental knowle^dge of - 
. probability is us,eful. r ' . 

c * « 

There a ne.ed on the part of both cjiildren and adults to be better iri- 
formed in this field. ^ It is evident that both have^any iuisconceptions and'a . 
lack-Qf background.. in probability. Kanj people have little intuition about 
experiences :pivplving chance. " ^ * 

Children can 16am the fundamentals of probability. B^oaus^e the 'approach . 

taken in this unit is of an intuitive nature and not a forma 1 -mathematical one/ 

child!rQn can understand and profit from the activities and materials that are . . 

included. ^ > • . ' ^ • 

* .* - * * * 

The pj*actical uses of probability are many, and they Bre increasing aimost 
daily. Probability is , used in making decisions in such diverse f ields ^| 
military -aperat'ioas, scientific research, design and c^^lity coittrol of ftlanu- 
xactured products, insurance calculatibns, business predictions^ weather fore- . 
casing, f'and governmental operations-. . ^ - 

' Probability is, of course, an essential element in dll gamelB of chance, 
Iri facit,' the theory of probability had^ its beginning softie .-JOO years* ago as 



a result of 9. mathematician's interest in the. imprudent and unsuccessful gam- 



bling activities pf one of his friends' 



. "Goals for School Jd^thematlcs'^', the report of the I963 Cambridge Conference 
recoinmended tiiat some of 'the 'basic ideas of probability be introduced very early 
In the schrool -pfogram. The School Mathematics Study .Group unde rj^eok the de vel- 
bpment bf such' ihaterials^^f or grades kindergarten to high -school. 



What l£ th£ Purpose 'of This Unit ? - ' ^ ^ ' , . 

• The ideas of chance^ and uncertainty a«re meaningful tQ children at an earjy- 

'age. They observe and' play* games with spinners, dice and cards. Th^y hear and 
use the- words, "likely", ^'u^Mkely^' "chance"^ and "probably" . .They recognize- 
that sbme things are ,more /or less likeiy to occur than are pther~.things . Thi^ 
recognition is sometimes the result of eicperience but more ofterrtt is intuitive 
in nature. It is seldom based on any thoughtful or systematic consideration^ of 

" the situation. - . ^- • ^ ^ 

. cAldren's natural- ijnterest ^n games provides ^ hig'h level of motivation 
foj* the study' of probability. ' This unit capitalizes on that interest^ and moti- 
vation by using experimental ' activities to introduce some of the basic i_deas 
of probability .'^As children^clabsify an^ tabulate dat^ gathered t;rom these' , / 
experimental^ activities, they. are guided to discover patterns which enable them^ 
,to formulae liypoti.eses and reach tentative conclusions about, situations which 
inv61ve chance events. .Ultimately thgy are led to discover thdt there are 
, mathematical justifications :^or many of their intuitive ideas and that mathe-^ 
' matics can be'used'td test the validity ^of their intuitive ide&s. We hope that 
this unit will make further st\idy^of probability easier, more interesting, . and . 

• . * y ^ * ' \ ' ^ ' -1 

more fruitful. • » > ' r \ 



— • ' .... J ^..-^ 

HoK Doe 3 11. init Tit Into the Mathematics- Program for. th£ Intermediate Grades? 

' : ' Aside from the fact that the study of probabl-}:ity is an incre'a singly im- 
portant part of mathemaiics, th^re are certain fringe benefits to be derived, - . 

from this unit. <^ - 

* ^ / - ^> V • ^ * 
\ ' '-First; while the. unit .has sufficient depth to challenge the able pupil, it _^ 

" ' ' • should te Tun for all children. Making mathemaUcs enjoyable increases pupil \ 
moti\^':^on and develops a positive attitude toward' the 'subject . The ^use .of 
experimental^ activities and games as an integral^part of the unit • sh6uld^elp 
those, children who heretofore have not Enjoyed -ma-thematic s to becrpme more in- ^ 
^erested and to experience unexpected success. ^ 

Second, one of the goals, of instruction is to promote ^'systematic thinking^ 
p-^lher than' a hit-or^miss approach 'which encourag^ jumping to conclusipns .' .5 
4 /Efforts are made throughout the unit to demonstrate thf advantages of a logical 

• • and systematic approach. ' • • • * , *> 

• % " • . * •' ; • ■ ^ 
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..^^^SlTrd, there axe ^unlimited opportunities for tire- p2^act ice and reinforcement 
of aritlipetic skills ranging f rOm *simple addition facts to the jnultiplication of' 
^cpmmon^^.fr act ions. ^The construction and interpretation of graphs shoulQ. contrib- 
^ ute to increased pupil understanding in areas such as economics, geography, arid 
history, as* well as mat hematic sv_ ' , ^ ^ 

' ** . 

/ Fourth, there ^re opportunities for ini^ependent investigation — one might 
almost say^^asearch by individual children,.. The teacher, too, may seiz^ 
optxDrt unities tb carry \he work further when .individual or group interests indi- 
cate th^t^thi^'is desirable. Also, the Appeadix in the pupil'book rwjaich des- 
cajibes probability devices may be of help in ^ch situations. 



How Might I Best' (jse This Unil; ? ' * ^ ' * . ' 

First, you will want to read the next section, ^'Mathematical Comments*'. > 
This is a brief ir^troduction to probability and enables you to have a broaden/ 
view of the topic. • Furthej background* can be gained 'from' the two SMSG volumes. 
Introduction To, Probabilj.ty - Part I - Basic Concepts Snd . Introduction ' To ' 
Probability - Part II - Spec ial Topics . These units which are designed for the 
junior high school a:^e an excellent source of information. You will find 
fPaiij I to 'be especially helpful. ^ ^ ' « 

Next, examine the contents of this unit to see the various ideas that- are 
introduced and the. suggesi^ ions for helping children dfevelop .them. Look at the 
* pupil pages to determine the, kinds of activities that the children will be doing. 

Because it is assumed that pupils have had no previous instructipn concern- 
ing probability, this unit is not . designated for a specific* grade. So it wili;^; 
nt)t precisely "fit'' your class. , With, ce^rtaln Idssons and parts 'of^>lecsons,'-you 
.yill need to adapt, to emphasize more, to empliksize less, to *mo^e(? 3fapidly, tp 
^progress slowly, in shor^ to proceed as you Knov* is best in your ^situation. 
The teaching suggestions are labeled, "Suggested Procedure^', and are not intended 
,-to. be prescriptive. They do, however, follow a logical,v ^d experience h^s 
^ shown, a teachable sequence. Generally, you will find a successful approach is 
to follow the sequence as it is. developed but to vary *the.',^d^ 'and to omit or 
taD provide'jttore experiences and to stop, as is appropriate foi^your children,ls'^ , 



interests arid abilities. The unit can be taught in a "concentrated^ approach' 
ove3; a short period of time but pi4Dbabiy children will learn best ,if it is 
fitted in \/lth your presei[it mathematics prog2?am over a longer period Of'time. 



• Whai?' Materials and Equiyiient' Will I Need? ^ % ^ ' 

. This list indicates ^he material that is needed. ;-The thrive types of spin- 
ners are*available with this unit. You may want to substitute other mateirials 

• • for^tKose suggested here. . , ^, 

• • • . ' ' • -f.-. 

■• ■ Number Weeded,. - 



I, BASIC 



A." Spinners 

1. J red, J blue/ 



G* Caa?ds 



'^Plain, white ^ three inches by five inches^. 

'H.* Oatmeal Box..., * ' ' 5 

* ^(c^r ,simiiar non-trans^areri?'^ ^ . . ^ 

I. Coins i . . . :> , 



J. Felt Pens', red'-aAd black 



^ 9 

k 



6 

1 



.6 



'2. -J fed, ^ blul"'^ ■ . • ' . 6 • • • - 

3. -red, o^^lue, ^yellow ^ . _8 

. • B. Colored Blocks '^[^ other objects) 5 Ojf^ e'&ch 

^ - ' . * color 

Blocks ^of "the same size differing only in ^ 

color. Red, blue, green, yellow, orange. 

' ^ C. Cubes (or dice) ' / 

' 1. White, numbered 1 through .6. 2 ^ ' - 

2. Red, numbered 1* through 6 - . 2 ; ' 

■ • - • • ' 

( D. Chedkers , ■ 1^ . _ -"C 

Star on one side and^^crpwn on the.othe!r. ^ 

c 

E. Cloth, or HeaVy Paper Bags - . ^ ,^ V- 

About six tQ twelve inches deep 'and four to , • , n. 

six anches^ln diameter* ' " 

. ' P. /'Crayons j-^ " . 1 i ^ ' . , 

■•i, ■ ■ ■ 



Number Needed 



Optional - • • ^ 
' A. Large Spinners for Classjroom Viewing 



1. 






t 




2. 


I red, 


3- 


1' • 


small 



1 



3 

{ 2. f red^ n blue, numbered as the small spinners - 1 



1 



1 



B/" ColoS^ed Cl;ialk' ' ' ' 1 box 

C. Large Beads (or other 'objects) ' ' - 5 of e.ach 
Alike except for color. To be used" instead _ ' color, 
of coloi'ed blocks. <. .^x 

♦ 

D. . Newsprint, white wrapping/ or construction paper , 20 large 

^ . ' . ' sheets 

•E. Marbles ' ^ ^6o 

10 each of, 6 colors, alike except for cplor 

F. . Paper '^Cups \ ' * * 

G. See suggested probability devices in the Appendix * 

T'^tif ,the pupil text * ♦ , ♦ 

Hj ^ Liquid Duplicator Masters and Paper 

I. Overlfje ad. Project 03; and -Materials^^ . - . ^ . 



MATHEMATICAL COMMENTS ' 



1. The idea of prob^3:4jA'ty , ^ * 

Some eveat^ axe regarded as certain: -the sun will rise tomorrow^ 
the coin will fall eitheKiieadii or tails. 

Other events are iincet^tdin^ depending upon chance fluctuations: it* 
vill rain tomorrow^ the coifi Vili fall heads, , * * / , 

; , • In everydaf conversation^^ people . frequently ^compare the likelihood 
of (uncertain) ^^ent^: 

♦ • 

They are all' equally likely. 

This is more likely than that. ' ... 

- I think it will- rain this afternoon* (it is more lively to 

rain this afternoon than not to rain. ) ^ ^ 

f ^ . - ^ ' ' 

^ In more .scientific vork^ ve compare likelihoods numerically/ Every 

event is assigned a numter describing pr "measuring" its likelihood: the more 
likely the event^ the higher th'^ number assigned to, it. The numerical measure 
of the likelihood of an^ event is called the prob^itj^lity of the event. The 
methdd of assigning probabilities to ever^i^^^^^'SSidthe study of the relation^* among 
them constitute t^Jie Theory of Prpbabi^i^^ ^ ^ ■ . 

* ' / 

A comment may be in or dqr /about the vord "theory". .In mathematics^ 

the vord is used to mean*"body of ^knovled^e^^ Shis is irr contrast vith its 

^ . . . { ^ ^ 

conversational meafiing of "conjecture" ^ ^'s vhen ve say^ "The detective had a 

theory, about vho fired the guij.*" The theory of probability consists of our 

accumulated knowledge abaui.<pf obability . Similarly, mathematicians^ speak of 

the theory of numbers^ the theory qf groups^ the theory of functions of a real 

variable^ etc. No speculation is involved. Everything in a mathematical 

theory is true. ^ ♦ , * ; 

' ' ' ^ ^ * \ ' • ^ ' 

Modern science^ industry^ a^ricul^^ure^ .gxid human aff|lrs all depend 

strongly upon the theory of probabilitj^^ either dii'ectly or via the theory of 
mathematical statistics vliicli itself is based -upon probability. The id&eory of 
probability underlies the biological lavs of heredity; it 'is needed* in funda-y 
mental research in physics arid astronomy. and ^ as a njatter of fact; Ifi working, 
out ^plans for travel into space; -it is used- in developing rand to^eting nev 
drugs and medicines; it is the ^b^sis of agricultural experiments that lead to 



improved methods for the farmer; i-t guides the manufacturer in cojntrolling the 
quality of his product, the industrial laboratory in the design of new equip- 
ment, the^^onomist and psychologist in their ^studies- of^hehaviory, the military 
' cotnmande^-.i^' bis choice of tactics. /' ) ' \ ^\ ^ 

Probability theory is also 'the basis for analyzing gamer's of chance. 

* In'fact, the theory of probability had its orig-ins, about ^300 years, ago,, in 
the ^amtjling halls of Europe., Morec^ver, in-explaining the theory and in work- \ 
ing problems, it, is necessary to toss coins and throw dice. Occasionally a 
person vill conclude that to teaeh^ probability is immoral. He reasons-: "tSam- 

' tiling ±& evil. Gamblers have to use^ probability. Therefore we should not teach 
proTSability.'? One might equally veil reason^ "Gambling is evil. ' Gamblers 
have to 'redd and write. ^ Therefore we should not teach' reading or writing." 

' . We teach probability not because of lis possible * misuse but because 
of ^its applications for the benefit of mankind. ^ 

*A* particularly important , application is to mass behavior where each 
individual Action is subject to chance fluctuations; For example^ while- the 
theory of probability will not tell us whether the, next 'coin' tossed will actual^ 
ly land heads, i4^xioe3 tell us that of the next 10,000 tosses the number of 
heads will lie, with virtual certainty, between 14-500' and 5500. Despite the 
.randomness, there, is stability in,-th*e whole. The principle applies (with'.^^er- 
^haps different numerical values) not j^lnly in^ genetics'* and the pther pure ' 
-sciences but to industrial and social phenqmena as well:'! 46 manufacl^ured items 
rolling of:f .an assembly line, 'to a n;ass of vacationers » deciding- whe^'e" to stop • ^ 
for lunch.' ^ ^ . \ ' ^ , / \ " 

2. How probalgbjities 'aYe found.' 'fjl \ »• 

1 • , ^ 
prol^bility assigned' tQ„any event is, roughly ' speaking, the- frac- 



tion 'of the time we expect it to Ij^Cppen. \ The probability of an event iS3^there^ 

fore, a nuSfbef between 0 and -1, i)%««Lusive. An impossible event is assigned 

the probability ^ 0. ( It • never^ happe'hs . ) k certain event ii^^assigned the ^rob- ' 

abil4.ty**l" ( = 100^ ). An, event that is just as likely to happeri^as not to 

happen is assigned the probability ~ ; for example, if a coin. I's as likely to • ' 

^fall heads as tails (.an^ will never land on edge), then tlje p^-pbability of heads 

is "5 and the probability of tails is - . ' ' • ' . 

^ . ^» . 2 ^ ^ ^ "1 



Of. coiirse^ most of the events ^e study are more interesting and more 
involved than these. How are their probabilities determined? Thfere ire two 

^ ways:* by observation, and mathematical}^..^ ^ ^j^x ^ . . . 

Probabilities that are det^rmin,ed by observation are of this sort': ' 

The probability that a child born tbday wji^l live through 

its first year. - ^ ■/ 

^•^ « , 'L^The probability that a^^tossed^ coin will l^Tia^5ea3:&, 

The fii:st of these jgs judged empirically y- from birth- and- de^th recdrds oX 
jfreceht years. Ihe second is obtained by cgrisidering the sytoetry .of %he coin* 
, and -checking, with some^- experimental tesses. ' / ^ ♦ 

* > . . . 1 , .- ■ ■' . ' ^ ' 

Pr(5babilities that can be determined mathematically. are of this ^ sort: 

1 ^ • The probability tha^ at^leasi ' 85 of any 100 children, born 

today will 'iive throxigh their first year. ' 
The probability t,hat of 100 tossed coins, between. hO " and 

60 will land heads. 

' * • - * ' 

These complex events ^e.made uj) of combinations of*the simple events of 'a 

^single chil(3. or coin, whose ,probabili-tkes are assumed known ( from ^olDseryat ion ) . 

The probabilities of the complex events* can be qomputed from those of the simple 

events 'according to the mathematipal l^vs of. probability. 

We hope to give the child /n agprecisition of both thes^'jnetho^B. We . 
have%im maJce judgments^ of ejnpiric?tl probabilities by'performing .actual experi- 
ments, recording their outcomes,^iLnd analyzing the results. We also guid^ him, 
informally, to some of the idea^^^underlying the mathematical formulas. 

. ' ' What is 'important/is the spirit. We wish to' develop, in the child a . 

.feeling for the subject an educated intuition. If, he learns to make quali- 
^ tatlve compari^o^p bas^d on understanding, we have succeeded. If the best he 
can ever 40 iJ^^el-lorm quantitative *^1fnputations based on memorized rules, we 
V l^ave fai^^d. 



3^*' Comp^'^isons of likelihood . ^ - , . ' ' ' . 

'ill Children have had experience in making- informal cojnparisons of 
|:^aikelihood, and thlWi^s a 'good, topic to begin witK. ' ' r ^ 

V^'^t'"* ' Example -1. Which is more lp.kely on the kVci of July (here ^in^ 

/^'' ' ' ' f ' 

' our town) - rain, or snow? ^ . 
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This simple question leads tQ three interesting points Yor discussion, 

. (l) ^e comparison itself ^should te obvious to the tshildfen. 
Rain is more likely than snow because the ^th of July is .usually too hot for 



snow. 



(2) Notice ^that ve can compare the liTcelihood&-of tvo events 
^ * * . <^ 

even though ve do "not take into account all possible alternatives, * There might 



be neither rain nor snow. 



/ 



^ (3) The likelilioods being compared: might-both be very small. 
•In jQiany localities the chances for either 'raxh or snow are virtually nil. But 
we can. still compdrel^he one vith the other. ' * ♦ * ' * 

Example 2. Billy is ^a Very good student . ' "^ich is" he more 

* p 

^ • likely to do in tomorrov*s test - pass^ or fail? 

Here aga^in^the comparison^ isv evident: good students tend' to paSs^ 
In this example there are no addit-ional alternatives. 

Example 3. A''new'boy has joined the class, ^fery is to gue^s ' 
his birthday. Alice is to-^uess'hov many brothers and s-isters . 
^ he"'has. \<!ho is more^ likely to guess right? ^ . , ' 

This time ve have no past experience to drav-from. The answer is 
but ve use a different Hifethod. Clearly^ Mary has a 'wide^ selection 



no,t fail. 



still easy^ 



to J choose fprom and 
even have 



,ce has more opportunities for guessing vrong.« (We don/t 
cgefnt to see that.) Therefore ^ Alice jrs the one mor§ likely to 
guess right. In this example/ the most likely -result -is th^t ^they vill both 
be vrong. * ' • ^ , 

Events being compared may be related to each other in^ some vay. Jn 
Ebcample 1, rain ajid snow are related^ in th^ sense that contributing causes 
fayoring one also favor the other. Another relation betveA them is'^thai&f 



Exclusion: ' they can't both happen a,t the same time (provided ve d'^f ir^'|i;h^ngs 
right)'. Finally, it may turn out that neither on6 of them .'^^^ ^^^^ 
.Example 2; pass and fail are ~st;^bhgly~ related : 'one or blin^ mii-st/ occur ^ 
but not both. " Ifl^ Example* 3, " the .tj^o gue^isses are. not relate^d at' all. M^Vy^s*"' 
guess>^is of no help to Alice'', nor Alice^s to Mary. One'gue^s .^}^^ be Tight • 



while the other is wrong; both .girls 'might guess right; b6;4h i^ght be vrong. 

/ r' • ' i 

In each of these examples,^ it ^ can happen that the ^^s^ likely of the 
two events occurs while the more likely one d6es not. It cancsnoi;. Billy _ 



might fail.. Mar^ may get the , birthday right even thoiagh Alice is 4^ong about 
the family. ' ^ 

''Example When Mary guesses the nev boy's^birthdaj^', vhich 

(in her guess) is the more likely to be right - the entire 



birthday, or the month alone? ^ ^ 



/ 



' This example is fundamentally different^ from the others and; tllj^s 
trates an , elementary byt ^important principle. If*the^boy vas born -^^January 
lifthi^^ then h^ vas borrLin January.* It is impo^^ble for the less likel*y" event 
'(Jiitting the birthday) to occtir ^vhile the more likely (hitting the month) does^ 
not. In this case, the comparison in likelihood is d^riVed riot from past ex- 
perience or numerical considerations, bttt from logical neces/sity. - . 



Estimating probabilities by experiment. ' . / 



^e probability of an event is, roughly speaking, the fraction of 
tlae time ve e^ect it to happen./ An estimate, then, is the fraction of the 
time it djid happen (under^ simila^ conditions),. E^coi;ds of births over a period 
pf years shov that the fraction of boys is " .5 \to vithin tvo one-hundredths) ; 
ve concljude that the probability is .5 that ^ the Jones's next child vill be a 
boy. A major league player hks ''i^batting average of .303J "we conclude that 
the probability of a hit his next time at b'at is '.303* % ' 

Children vill be less interested ih tables of actual statistics than 
in performing experiments for themselv^g. * An excellfeht project is to estimate 
a probability about vhich they have no preconceived* notion; ^or example, the 
probability that* a thumbtack, when jiggled and^ throvn onto tjie ^ble, vill come 
to )rest on its hea^- (if tacks'* are too hazardous, substitute rivets, bottle 
tops, etc.> . . X : * 

Our estimate o!f the probabiljty is the number of heads divided by 
the j;jyir|tber of throvs. Hov m^any throvs should be made?> Questions like this 
can jDe subjected to delicate analysis, al' part of the theory of statistics. 
Our bvn 'discussion will be"much*'mo]?e elementary*^ 



^ Before plunging into the experiment vith the tacks, let us gain some 
insigh-Lby 'experimenting vijh the humble coin. We ^assume t}iat the coin is 
"honest^ 4- //that is, the probability of' heads is ^-i . 



]^ the vay^ a fair toss or spin requires some skill bey;ond many 
children. A little practice may t^e worth vhile even foj; the teacher. If the 
experiment calls for a large number of throvs^ and if you are not keeping track 
/•of th$ order of tbe results' but only, the totals^ throv the coins 10 at a time. 
The probabilities ^are the same whether the throws are successive or simultaneous. 
Not only do yOu speed things up^ but the whole affair is easier to control: mix 
by 'shaking in your cupped hands^ and release gently onto the table. Cover the 
table with paper to cut down on noise. (With some modifications, 'you can keep^ 
track of order as well. For example, record the .results of k coins in the 
order penny^ nickely dime, quarter.) . • ^ ^ ' 



*■ '-'^^ ' ^JBack to our coin. Let us toss it 10 times. (Or toss 10 coins 

\ * " ' 1 1 

at once.; Since the probability of heads is , we expect heads - the time 

in many tosses. So ye expect heads "5 times out of 10 in the long run. 

But of course we cannot count on getting exactly 5 heads in -our particula;r 

throw of 10. ' ^ ' ' ' ' ' ' 

. ♦ 

Actually, the most likely result in 10 throws is indeed to get 

exactly 5 heads. But this result is , not likelyJ It t^^I happen only^ about 

1 time in k. (The methods for calculating these probabilities will be gone • 

into later ^on.') ' This fact will come as a surprise to moSr^ children. But c^- 

f routing them" with the i:heoreticar quotation Is not enough'. ^^or the fact to 

soak in^ they should perform (or observe) some actual ex^i^iments. . 

^ ^ . / 

Let us 'assume that In our throw of« 10 we counted 7 head^. Hiis 

is a perfectly reasonable result. ( 1 time in 3 we will get. at least 7 

heads or ^at least 7 tails.) If we stop iiere, >our estimate of the^probabilixy 

, of heads is ,47 - pretty far off. - . - 

But ^^PPose^e throw 100 times: To qbtain as many as 70 heads 
would be highly unusu^^|^' A reasonable, re suit wotild be somethif5fg' betwe.e^ ^3 
and' 57, say. Our es^timate. would now be sensibly^ near the true valu^.* 

Suppose Ve throw 1000 times. To obtain as many as 700 heads 
would be a miracle. Even a'reKult lilre k30 or 570 is highly improbable. 
*A reasonable result would be something between i*-75 and 525 > say. Our es- 
timate would now Ve quite close. \ 




^ " And now to the i:acks. We throw 10 of them and couht T on tirfeir. 
heads, 3 on their 'si^es. I;^ the probability of headg *7 ? That woiild^ be a 
rasl;! conclusion. As we have Just seen, we might well get the same count when 
the probability is actually .5 • So ^e make another throw of 10 . And ginother. 

■ ■ * ' ' ' i ' ^ , 

• 1'6 ' 



We don't Icnow just when it ^±s s.afe to stop. In fact, there no* way of, knowing 
when to stop. But we notice after a while - perhaps only after two or three 
hundred trials - that the results start to settle down/ We watch the small 
random fluctuations get swallowed up in the oveiyhelming stability of the mass. 
Then we announce our estimate^ in a firm voice. ' , ^ 

' ^ * . 
5^ Equally lively dufcomes . ^ ' 

Let us thrpw a die which^ we are assured, is honest - that is, any . 

one^of the six faces is as likely to show as any other, T^en each face will 

1 \ , ' ' 

appear, in the long run, j- of the time, " Hence the probability of any partic- 

^ 1 ' ' * ^ ' 

ular f^ce, *on a given throw, is ^ . *The probability of a for instance, 

* ^ > ♦ • 

This example illustrates 'a general principle i Suppose that ah ex- 
periment can result in any ond of a number -of outcomes', all equally likely . 
Call the total number of possibloi outcomes n . Then tlie probability of- any 
particular outcome is - . , 

In* the example, the experiment is -the throw of the diej the possible 
outcomes are the^ faces: 1, 2, 3^ 5^ 6'> all of which are equally likely j 
their nuhfiber, n, is 6 ; and the probability of §ny particular outcome, - \ 

\y ■ ' - . ■ ■ ; ' ■' • ■ 

In throwing a di^', what is the probability of a number greater than' 
^4- ? In other words,, what is the probability of throwing either tj^SM or 6 ? 
Each of these appears^ (in the long^ run*) g- of ihe time^ .Therefore pne or the 
other appears P of the time - tfi^t Is, ^ of the tin^e. So the^ probability 
of a numfefer greater than i| is r- . 

" The principle here is an extension of the oneN-ebove. Suppose*, again, 
that an experiment can result in any one of a number of outcomes, all equally 
llkely > ,;4::|gA :^he^ total number of possible 'outcomes n . Certain of the out- • 
.comes are '^favorable" to the event we are interested i'n«, while the rest are notj 
that is, the ev^nt takes place if one of the fa:vora^le outcomes occurs, but not 
otherwise. Call the number of favorable outcomes*^ s' , Then the probability 
of the evenjb is ^ , (The earlier principle handles only the special case in 
which s « 1 ,) ^ 



In vords:^^^the probability of, the event is equal to the number 'of 
favorable , outcomes divided by the total number of possible outcomes. ^ 

'In the example, the experiment is the throw of the die;, the poss- 
ible outcomes are 1, 2, 3; 5; all equally likely; n = 6; th"e^ 'ev^ilt of 
^interest is a number greater than the favorable outcomes are $ 1^nd ^ 6; 

^here are two favorable outcomes, so s is * 2; and the probability of the event 

n .S ' ^^^^ 3 • * ' 

It is isstructive to test these conclusions by actual exp.eriments.. 
Make a large number of throws and check that a number greater tHan k comes 
about of the*time. , . , . - 

We have desc^Mbed two methods for -obtaining probabilities: empifri- 

/ 

^ cally, and by counting equally likely outcomes. In applications, it is s'Ome- 
times hard to tell whether various putcomes really are equally likelyv. This i 
problem, discussed in, the next section, wUl lead to the question of how known 
probabilities are combined to obtain new ones. . 



6^ Probabilities of combinations . 



Li 



Suppose that we are interested in the number of heads showing on a 
thro.v.of two coins, say a penny and a dime. There may be none at all, or jus?^ 
1, or '2. Are these three dutcomj^s equally likely? If you. are in any doubt 
at all about^ the answer, make 50/ throws and sefe what hajppeps. ^ 

It is a common pitfall simply to assume that outcomes presented in 

a' natxrral way are equally likely. The safeguard is to consider them carefully 

,f , ' 

and supply a reason in support of the assumption. ' ^ ' ' 

The danger in our problem to be swindled by one's own language. 
Let us .replace the dime by a checker. Even better - keep the dime, but just 
say "star" for its heads and "crown" for its tails. On a tl:n'Ow of the two coins 
there are \ possible outcomes: heads- star heads- crown^ taiis-star, tails- 
crowns ' and there is not! , .the lea^t doubt that these ^ out^^omes/^e all equally 
likely . Their original names are heads-heads, heads- tails, tails-heads, 
tails-tails (the first word in each ca^e referring to the penny, the second to 

the dime). It is now clear' that the probability of 2 heads is t- , the prob- 

1 1 
ability of just 1 head is ^ , arid the probability of 0 • heads is 



• What is the situation \jlth 3 coins - say a penny, a pickei;^and^ ' 
a dime? For instance, vhat is the probability that exactly 2 fall- heads? 
Each coin will fall in either, of 2 i^ays,. independently of how the other two - 
■fall. Altogether then, the 3 coins can fall in 2x2x2 = 8 possible wsiys, 
all, equally likely. They are : ^ ' . ; ; 

HHT, HTH, THH; HTT, THT, TTH; - TTT^'^ 



HHH; 



Here H -denotes heads, and T tails; the first letter in each triple refers 
to the penny, the second letter to the nickel, and the third to the dime. In 
this list, we h'aVe grouped the results as 'follows: f.irst, the outcome consist- 
'irig of 3 heads; next, the outcomes with^^K^st 2 'hea'ds; then those with 
Just 1 head; then the one with 0 heads. There are 3 vith just 2 heads, 

Therefore.^the probability of getting exactly 2 heads is 4 : fhe number pf 

F'' ^ , • ' ' 

favorabl^jlout^'eeieS divided by the total number of outcomes, / 

■ ■ 

This is a good time to pause for experiment. Take 3 pennies/ 
throti tie m 20 or 3O times, and see what happens', » 

Looi^ng back, it should b)e clear why the number of favorable out- 
cpjnes (those yielding exactly .2 heads) is 3, That is precisely the number 
of ways^ we can select 2 coins (for heads) from the coins: as penny-and- 
nickel (HHT), pejiuy- and- dime (HTH), nickel- and- dime (THH), Likewise, just 
3 (Sf the possible outconjes yield exactly 1 he^d: penny (HTT), niijkel ,(THT), 
dime' (TTH). Finally, there is just 1 -way (HHH) to pick -3. heads, and j.ust 
-l>vay (XTT) to pick 0 heads. ' ^ , > 

. The -reasoning in the^g.eneral casd is similar. Suppose we toss n 
cains* Each one will fali in either- of 2 ways, independently of how. the 
others fall. Altogether, then, the n coins can fall in 



2 X 2 X ... X 2 

I ■ 

' — n factors — 



po;^sible w^ys, all equally likely. Consider any number s b'etveen^'^^ and n, 
inclusive. How many oT the 2^ ' outcomes" yield ^exactly s h^ads?' Answer: 

the number of way^s of selecting s coins (for heads) from, n^ coins. The 
symbol for this number is (^J : - 

(^) "= number of ways of selecting s • objects*' from n objects.^ 
The probability of obtaining exactly s heads on the throw of n/ coins is. 



th,en : t]\e number of favorable outcomes divided by the total number, of 

outcomes. ^ • . 

' • The symbol ' {^) is read "n above s*' (not. ^'n over s"). It 
is not a fraction, even though it looks something like 'one. It/is a special 
symbol, the one. most popular amonjg mathematicians for the number of vays of 
selecting s o'Bjects ^fotn * n - 'SijectSi^- M -place of *(g) ^ some vriters use 
C(i3L,s) or C * ("the Quniber' of. CombinatiohVof ' n Hhings taken s at a • 
time"). TWone o'^" the symbols i-s used in this- teaching material. 



. Computing Ihe number of combinations . , ' , 

"* • ' V n\ 

We have to* knov hpv to compute. \^) for various values of n and 

s. "When n and s are sm^uLl, the computations axe easy. For instance, the 

example of the 3* coins shoys that i^) = (^) = 3, jand that = (q^ ^1* 

It is clear.^J-hat ( ) = 1, ( ) = i, and so on: ( ) = ^1 whatever. 
' 1 , ^ — n ^ 

the value of n; for, there is just 1 vay of selecting n objects from 'n 
ob^cts (namely/ choose them^ ll). It is ^als g^eggy^ tc'See that (^) = 1, C^) ^ 1 
and so "on:- (q) ^'1- ioj^^v^y. value n; for, Inhere is just 1 \^ay of select 
iing 0 objects from dbjeots (namely, omi't them all). » . » 

, I^ext, ve seie^ that (^) = 1, (^) = 2, . (^) = 3*, ^and so'on: (^) = ^ 
whatever the value of rfe for, there are just n vays of selecting a single 
object from n objects (r\amely, pick any one of them). There are also just ti 

vays of picking n-1 obj-ecxs from n objects (namely, omit any one of them);' 

1 ' 2 / '"^ n 

therefore '{^ = (^)'' = <2, (^) = 3, and, in^general, (^^^) = n. , * 

For the next observation, consider as^'an illustration the c.ase 
n = 10, s = 8. (Suppose,' for example, that ve are interested in the number of 
vays 10 coins can shov exactly 8 heads.) For each selection of 8* coins 
for heads, there remain 2 shoving tails. A different choice of 8 heads 
yields^ a differept .r.em^hing set of 2 tefits^—i^ -we run through ail possible 

selections of ^8 coins, then (from those left over' in e^h* case) ve simulta- 

^^^---^^ ; 

neously run through all possible selections of 2 coins. It follovs that there 



A 

' V 



are exactly as many vays of choosing 8 coins from 10 as of choosing 2 
coins from 10. Therefore (\°) = (^^) . Similarly, , ("L°) = i^^) , and 

io " 10 ' ^ 

( g ) = ( 2^ ) . The reasoning here is general and yields ^e general formula 



The values of (g) increase surprisingly rapidly. For example 
(^|) = 2,598,960 , and , (^^) =: 635,013,559,600. "(These are the number of • 
possible 5-card hands and the number of pos^sible bridge^ hands, respectively:.) 

§mall-vvalues of (^) are easy* to calculate by means of the so-Kialled 
"Pascal triangle", named for the mathematician Blaise Pascal (1623 - I662):'- The 
triangle starts out • > - - - >- ^ 

1 1- . • ; ' j . 

. ^ 3 • 3 1 , ' • 

■"li+6'i+l ." ' ■ J 

\/ ■^ • \^ - ^ . 

^ « • ^1 5 10 10 . 5 1 ^ . . 

1^ • ■ " ' . ' . ^ 

representing the values of ^ * . " 

■< J . - - ■ . ■ ' t — . 

. ; . . ■■■■ . • ^ .- <o' (J) 
■. .■ . (0'' <i) 

" • ■ <o)- '.4' ^3' .'t' • ■ •" ; 
. ■ .f-^) -('i) i% ('3) -0 ■ t^) , 

and ©an be continued indefinitely. ' • ' ^ - - • 

Thp arrows shoyn illustrate the methbd by which new values are 
^nerated. Each entry (if not the first or last in its row) is equal to the' ■ 
sum of this- two nearest it in the line above. In the illustration, ^ 6 >' \ 10, 
representing (^) -f (^) = (^) . * J\ . • ~ 

To see why this works/ think of a man with his k sons on a camping 
trip. Prom the 5, a team of 3 are, to be bl^sen to gather kindling. ' The, 
"number of possible tisams is, tHen; . Now^ either .Bad "is'Vn' the team, or 

he isnH. W Dad is 'on the team, ''then his 2 partners are chosen 'ff-om among'^ 
the ' h boyg;' there are i^) ways' of chooi^ing them. If Dad is no^ "pn* the . 
team, then^the whole team of 3' is chosen from anlong thq k boys; there are 
t^J ways of choosihg them. Altogether, then, there are (0)-+ (^) ways of • 
choosing the team. Consequently, {^) xi'p, . 

' ' * ^ n ' ^"i 

A formula fcfr computing ( ) is given at the end of the next section 
' » . s , * - 



' ^\ ^ ? One ^av to cWok one*'s arithmetic, when caafculating f^om the tri- 
^ ' ^ • - ' ' tK* • ^ ^ ^ ^ 

angley is to see t^t the' sum ^of .the 'entries in. the 'n rov" is 'equal to 2 . 

,For example, ihe sum in the ^ rov is f> - \ ' ' 

■ . ■ * ' 1.+ 5 + 10 + 10 + 5 + 1 = 

* ^ n 

This must he so because, as ve saw on page'. there are; 2 , possible out- 

comes altogether 'in a throw of • n coin/; and in adding across t^ie n^^ row, j^'^ - 

we are counting up these same- outcomes (the riumher with' • 0 heads, + the o . 

,V • . . . ' * ' ^ 

nUmher with 1 head, and so on). ' - . - ^' . -o . 

. ^ ^ .X * , . ' ^ . ^ ■ 

^^he way, the entrijfe in the Pa'scal triangle, arise ih ai^ehra - 
-wheB^ one multiplies out an expression like (it + t)^ . The ' resul1|,is; - * 7^/^ ^ 

' ^ ■ (H + T)5 =♦ ^ 5H^T +J.0h2t^ + 10H^T^"+ 5HT^ + ^"^y '^''''^'^ 
The coefficients - 1, 5, 10, 10, 5, I-'h" ^? precisely the entries, jLn order, 
in the 5 row of the triangle. Moreover, exponent sT-ghow th^numb^s^of 
occurrences. For example, the term lOE^T^ gives; us the ^i*ormatipl th^^j^""^ ^ . 
there are 10 ways of getting^ 3^* -heads an^ 2 tai!^ (in a throw of, '5 coml). 



8. Permutations. 



f ^ A ;permutation is an ordered arrangement. One often. fiftds it^neces-^ 

sary to know how many pern>utations are possible of a given number of objects* 
For 2 objects - say the^digi*t>s . 1, 2 -. there are just 2 permutation^:, 
12, and 21. For 3, t^fere are 6 permutations; -'^ 

123, I32r 213, 23l;^^-^i^32l. ^ ^ ' 

For example, there are 6 ways that Jim, Dlok, aii^'^e can.be assi^ngd,, to ^ 

clear the^table, wash tjie dishes, and dry the dishes (one. to -a task). 

■** - ^ > " 

't; The number of permutations of 3 objects is 6- because 9 is 

equal to ^^X 2 (We could write 3 X 2, ^ut . 3 x 2 X- 1 looks TJeiter* ) 

The reasoTifng goe's like this* There are 3 choices fo;r the first^ position./^ 

Wj.th each^SUch choice, there are 2 ways of permuting the 2 remaining oh- - 

jects (in^l^fe 2 remaining positions). Hence there are X 2 pexmutati'pns - * 



The numter of permutations of k objects is .if X 3 X 3*x 1 = 2i|-. 
' \ FoT^, there are k choices for first position. With eacTi such choi^ce, tHe^e 

j . ,iare 3 x 2 k 1* = 6 vays of permuting the ^3 remaining otjects (in the 3 

remaining positions). Hence there ,are 4 x 3 X 2"X 1 .permutations of all 

Similarly., the number of permutations of ^ objects /s equal to 
the product of all the numbers from n dovn to 1; . This number is known as 
• • "n /factorial", and is denoted by nl For example, 'II = 1 and 21 = 

2 X' 1 => 2. Also, as we have seen, , ^ . 

r ^ ' 31 .= .3 X ? X 1 = 6 
and • , y\ ' — ' ^ ^ . , 

Thes^ expressions, as^^Ll^as the reasoning that led to them,' ^suggest how to * 
coifiputfe 'each new factorial from the preceding one. In coijiputing for 
e:|ample5 we don't have to multiply out X 3 X 2 X 1 if ,we already know that ' 
- ^mlf'- 3x2x1 = 6;-^ instead, we say, more>simply, 

^ , ■ ' ill = X 3! = " ii X 6' =^ 2\. ■ ' . ' N 

The saving becomes clearer a's soon as one deals .vith 'larger numbers. , Here are 
the" next few factorials: ' - -j - ■ * jC" 

- "• ■ ^- '51 = 5 X ill = 5 X •= 120;' 

' 6! ' =j> 6, X 5.: = 6 X 120 = 720; 

' 71 7 X 6: = 7'x 720 '=- 5,OliO;- V"' ' 

8! = 8x7! = 8 x'5,0l|0 = 1|0,.320;' 

^ X 81 = .9 x' 1^0,320 ='362,880; 

' ' 10! = 10 X 93. = 10 X 362,880 = 3,628',800. 

' - ^ - . ■ ••• ■ 

As is seen, the numbers nl increase more rapidly than most people might 

?• ' ' 

guess • Suppose that 10 children come up to, sharpen their J)€Hifeils. There 

^e more than three- and^-^- half million ways of ^ecidin^ \^rSlch child will^e 

/^fxr^,t,^ wl^ich .s<sQond, and ^ so on, dowf^. to which -will )De last!' (No^wonder* we 

use an exclamation point I) ^ , 

Factorials can be u$ejd to compute the numbers (^) 1 The formula i 
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For fex ample, , , 



s ^ sl(n~s)l 



and so/ on. In the gctual calcuXations^ there is always some cancelling that'. can 
be doyie first to simplify the work: * 

^ ^2^' 2TIiT ^ 2 X X X " 2 Z-^' • ... 

t / There is one detail that sometimes looks strange at first. So far, , 

we! have riot- said what 0! is.. The definition given ^aBove^f^or 1! ^ 21 , and ^ 
the othersvdoes not work for 0! ; therefore 01 needs^V-separate definition. 
'The definition given' is: 0! = 1 .* -The reason- for this is ta make the formula 
for (^) work in every case. ^ For example: • • . . ' 

■ " ' (5) . 1, . ' .'• : A 



9 



9. ?es oa: no. ^4 



-\ In these concluding sections we^ describe soyie of the basic rules of 
"probability. . < * , - 

" We ^all use the letter P as an abbreviation for "the probability 
of". ^ In the place of "the probability of heads", for instance, we will write 

•P(headfe) . V' ^ >- * - - 

(The parentheses are there to help the eye.) ' 

^ - Suppose we wonder whether Billy will pass or^fail tomorrow's test.. 

He may be moye likely to do one than the other /'-depending on c'ircumsl^ances'. ' 
Mt in any c*ase, two^ things are clear: he can't do' both^ and he must do one 
or the othef: The the following is true: 



f ' * ^ . P(pass) + P(fail) '= 1 .• 



The vu'Le is this*. -^An 'ev>ent 'eitherj-hfepi>ens or .do^s not happen. We 
* , ^ 

^ust have onfe or the other; cannbt'^iiave both. Then^- . - - ' 

P(it happens) + P(it does riot happen )y;= 1 ; 

mor)b briefly, - ^ 

^ ^ . P(yea) % P(no) = 1 . ^ 



In a typical problem, wfe know one of the yalues on the left (the / 
first, say) and sglve -for the other: 0i . - 

. ;p'(no) = l^^^P(yes'') . ^ - 



For example ,_if the erohability that Billy passes, is .6,; then the proh.ahility . 
that he fails is .h . \ If the prohability -that Dad lakes Jim to tfee circus is 
'.3, fhen the prohatility" that he ^doesn't is .7 . 

' ^ ' • ^ . , ^ . ^ ' \ s 

10. Either ' thfs oy that : ^ , * * 

t 

*^ • We often considea:* alternatives that exclude, one another hut do not 

necessarily -include ail possibilities* .For example^ Dad may take Jii^i to the 
circus; pr, if not, he may take him to the hall g^nre; hut he won\t do hoth. 
(And they might stay home.) Suppose that' 

u ^ . P( Circus) = .3 • \c 

' and. that , , 

P(game) = .1 . 

What Is the probability tli^t Jim Mill get tQ,-one or the otiTer? 

'Answer : a * ' . * ' ^ . - . 

P( either circus or ^mef P( circus) + P(game) 

.3 + . .1 = 

The rule is as follovs. v 

P(either thfs or that) - = P(this) + P(that) 

provided the altsrrlatives exclude each other. 
' " ? • 

There is also '►a rule for the 'ca^e of 'alterp^ives that do not ex- 

^clude each other, hut it is more .complicated^ and we shall not go into it. The 

examples that ariseHnthis teaching material can ^4il. he , handled hy counting the 

possible outcomes. 

X ^ ^ % / 

y/^ Suppose, for instance, that we play a game by thr^ing a 'die^ Ann 



, scores a poipt if i-^ shows ,1, 2, or^^. Betty scores jsi. point if it shows 2^ 

1^-, or 6. Then 'the probability that Ann scores is ^ = and the probability 

? 1 * . 

that Betty scores is also ^ 2 ' find the probability that someon^- 

scores - either Ann, or Betty, or both - simply count the faVDr^ble out-* 
comes. ^There are 5 favorable outcomes: 1, 2, 3^ 6; ,and all ar^^qually 
likely. The total number of possible outcomes is 6. Therefore the probability 
,^hat someone scores is ^ « ^ 



Mother announces that the probability of haviAg ice cream for de^^ert is 
.8*;. and furthermore^ that this is irrespecti^^^ of whether Jim goes to the^rcus, 
goes to the ball game^ or ^stays home. What is the probability that Jim botiSI|oes^ 
to the circus and gets ice cream? Answer: ' 

P(both circus and ice creant)^ = p(&:ircug) X P(ice cream) 



The rule is: ' 

P( both th,i's and that) =' P(,t%s) X P(tbat) ^ / 

provided that the two o^tcdmes are independent of "one another .' 

1 . . * •. ^ . """^ . . .... 

t * Independence means that the .|5$D"bability of'eith^ is unaffected by the 

pccurrence of the other- Sometimes the" question is^ hard to decide^ , but the^ exam- 
ples in the teac^l^rig material should offer no difficulty* ^ " - 

Here is an example where tfi^^^butcome^ are np'fil^hidependent . We have a jar 
containing 3 "marbles: 1 red, 1 white, and 1 blueWSrom it we draw a-marble 



at random, and then^ without rei^lacijig it, we draw another ♦ Wp interested in 

the follwing results: - > Ji^i ^ . , 

» • . ■ ' :^ 'Ml : . ' , • " ' \ - ' 

red oOr^^'^he first draw, '"v ^ - 



and \ \ • ; ^J^^ 

tt the second draw. * • - , * i 

Surely,- the probability of the .^S&bter, i§^ affected by the occurrence of the former. 

Let us check. ' ^1---^ * *' -C*f} ^ 

^ ' ^ , , * 1 ' .i. > * • • ' 

The_prob.ability of blue on the second draw is — "as 'can be seen by 

either of the following methods. \ * . . 

(X) There are 3 possible outcomes of the second draw'(R, Vf^ b). All are * ♦ 

equally likely, arid 1 of them' (B) is favorable.. ' ^ . 

(2) There ax.e' 6 possible outcomes of the sequence of * drawings ^f(W, RB, WR, 
. WB, BR, BW).' All are equally likely, and 2 of them (RB, WB) ^e ^ ^ 
favorable.^ ^ « ^ 

^ ^ On. the other hand, if the first event does oopur - if the first draw. jdo^^^> 
•yjc^ld - then the -probability of blue on the sedond draw becomes ^ . For,,/no^ V 
*th^e axe just 2 possibilities (B, W), and Just 1 of them (B) is f avdrable'^i'^B^. '-'^ 



> ^ 



Since the probability of blue^ on second ( - ) ^is' diff€!rent from t'he 
..probabi^lity of blue on second if red occurred first ( ^"), the two Events 



axe not independent. 



. r 



red on first, blue on second * 



m 
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• .. LE,SSON 1 
Thinking About ' Chance 



IntroduCition • • > • / • 

While all children are aware that chancy- and uncertainty are a part of dai^y 
life, the conclusipns they reach as a result cjf'this awareness,, vaiy widely* The* 
frequency with which they attribute the outcome of chance events to;luck or to 
"the/letv- of averages" provides. ample evidence, that many of them have' riot learned 
to analyze situations^ in a thqugh^fUl way "before foimng conclusions ^ 

The purpose of ♦ this lesson is to stimulate pupils, to- think more objectively 
about chance events. Through participation, discussion, and demonstrations by 
the teacher, pupils will have opportunities -to test their int^uition or hunches 
regarding the results of some activities ^involving chance and to make gue^ees, 
estimates, and predictions about such results. ^ ; 

The 'Pupil^fece^cises in this and other lessons give opportunities to use some* 
of the ideas developed in the lesson They also provide some optional activities 
which may b'e completed outside^^regular class time by interested pupils. 

^ _^ jTfie lesson is developed informally and.fupils shpuld be encouraged to state 
their ideas and conclusions in their ovm words rather than in any formal mathe-» 
^matical terms , . Unanimity of .6piuion^ is^ »ot a "goal but pupils^ should be encour- 
aged to test their opinions and hunQhes by analyzing the situations that gave* J 
rise to them. , * 



The Suggested Procedure in this and t&e following less&ns provides a sequen- 
'tial development, of the ^ji^i^tinent ideas^in. the lesson. Howevei*, it is not in- 
tended to.be prescriptive and* you should feel free^to paraphrase,* supplement, 
or disregard it a& seems appropriate in a. particular situation. On many of the 
lessons you will find that the use of the overhead projector is most helpful. 



Vocabulary : Chance, certain, uncertain, more lilcely, outcome, possible. 



inipossible, possibility, .probable, probability. 



Materials : (Also used in Lesson 2) 



(1) Three spinners with 'dials 6f red, ^ blue; ^ red, ' 

^ blue; , i red, ^ blue^ j yellow. (These spinners come 
with this unit.), ^ - ' . ; 

(2) Two ox three Qoins., . 
.(3) Two dice-* ^ / ^ ^ ^ \ 

{k) Two sets of three cards, t-wo inches "by three inches;/in each 
set^ a triangle is drawn on two of the cards and a square on 
the third card* 

(5) Two s^ts of l^wo cards, two inches by three inches; in each 
set a triangle is drawn on one card and a square on the other. 

(6) Six objects differing only in color,, such a eubes, checkers, * 
beads,* new crayons, pegs, nip.rbles, etc., so that these^sets 
can be obtained: * - ^ 

(a) THree red objects and one yellow object, ^ ^ 

^ ^(b) one red object ^nd one yellow object. 

(Colors other than red or yellow could, of course', 
"t^e used. ) ^ • *" 

(c) A box or non*^ transparent sack-*to- h<5ld these objects. 

(Large cloth bags about twelve inches d^ep and ^six inches 
in diameter* would be very useful.) /), . 



Suggested Procedure: 



. Aft^r an appropriate statement such as, *^lfow, for a while we will be doing 
sonre different things in our mathematics classes, " a*sk a pupil to come ■bo the 
I'ront of ' the room. . * • ' . 'k 



o^ie ^ed cube 

and one 
, yellow cube 



Use Materials (6). As you gut a red cube and a' yellow cube in 
the sack or b6x, ask the class, to guess which cube the pupil 
will pick from the sack. 
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Discuss thefer4xpectations . They'll probably make statements such as':; 

. ' "It»s fifty-fifty." "Chances .are even." "It »s' equal either - 
- / vay-" . "It's one out 6f two/* "Who can tell?" '^'You can»t be . ' 
-'sure." "He's as likely to get red as yellow." ^ . ^ 

Comment that these statements ate concer|fed with chance; that there are 
many events In^life, which are , uncertain and this is one off them. Discuss what 
they might expect if eaclj of them ceme up to draw a cube or if John chose 
several times, returning the cube drawn to the sack each tlme^. • ' ' \ 

You might ask them to suggest other things in life which are uncertain; 
for ex^ple; ' ' - ^ ^ . * ' ^ 

• Who will win the Wor3,d 'Series? 

Will I have ice cream for lunch some time this week? 
Will all the pupils,^ in the class be at school next Monday 
monjing? ^ ' . 

, Ask pupils tp suggest things that are certain. For e::^ami)le, 'd£ly follows 
night; there are twelve inches in a' foot. Then suggest thir^^s which are "im- 
possible. Froi& thqlr statements, draw but the idea that s(me things are more 
likely to happen than others" and that some things are more likely to happen 
than not. Pupils can respond to such questions as: . ' 

Which is more likely, that some pupil will be 

absent or that the tea.cher. will be absent? ' 

Which is more likely, that you will have cereal for 
breakfast or that you'll have cereal fcjr luiich? 

Which is more likely,/ that a boy wiil build a, model air- * ' 
plane or that a girl, will build a model airplane 
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Now show the class that you are putting .three red cubes and one yellow one 
in the'iox, ajid^ask another pupil to draw out one cube which, will be replaced in 
the box. Pupil^can guess again which color they expect to^be drawn. Let them., 
discuss reasons for their expectations. " : ^ 



three 


red 


cubes, 


and Qne 


yellow^f cube 







If everyone in the class took turns drawing a cube, 
what would we expect ^might be the oa-^come . Would 
red be chosen more often than yellow? (We would 
^ ^expect it to be, although it is "possible , but not / 
' Very probable , that red would not be drawn at all.) 



Show %he spinner with i^he dial reB arid ^ blue. .Ask vher^^^tj|e/%ave- 
seen spinners l^efore/ for what they .we^re used, and why they v^re used,^ Bring 
out that spinners select "by chanae" because the person who 
spins -it cannot know In advance ^he re- it 3?fll gtop. " , ^ 



spinner -j^ 
fe^d/.and 



blue 



/ If Mary spihs thi5 spinner, will the arrow point to 
red or to, "blue? 

Let them discuss their expectations and^theirr reason's j then raise such 
ques"^ions *a$: — 

» / . • • C&n you*be sure it wili'point^tO' r^d? to blue? ' • ^ ' 

^ • Will it point 'either to red^br^t'o blue? (Chances ' \ 

ar^ that it will! However, it could stop on a line.) 

s ' - • * ' 

•Mary^ spins and the pupils compare their, expectation with the outcome. The 
spinner should be hojsizontal rather than verti^ai so that the pointer is not 
biased. The "fairness" of ^ the spin could be' noted, for example: 

Would it make"ar"cLiffe!rence if Mary spun the pointer in 
the other direction? If she pushed the pointer harder^ 
If the*poii:iter were pushed nearer the head? nearer the 
V taU? (Develop the idea that t^e spinner is honest.) 

Ask the class what they ^ould expect if Maiy spun the spinner 100 times. • 

(It would stop on blue more often than on red- -not exactly outcomes of 75 blue 

and 25 red but something close, to this. Or, it will stop on red less often 

than on' blue ^ It is not expected that pupils will sugge^st these numbers but they 

should sefe that the expectation of blue is greater than of red.) 

' ' • ^ 11 1 

Show the spinner with the dial ^ ^^^^ 3 ^^^^^ 3 y^Ho^- 

Ask pupils what they think will be the outcome of one spin and 
other questions similar to those asked before.; Do not indicate 
whether their answers are correct. 



spinner -♦red 

1 1 
J \3lue, and - 

yellow 



How many different possible outcomes are there? (Threie, 
assuming the arrow doesn't stop qn a line.) Is there a 



better' chance that the outcome will be blu 



one spin 



spinner 
blue and 

'2 



with this dial or on o;ie spin with the ^ red and ^' 
blue dial? (Shbw both dials.) What would you expect the 
6\itcomes to be on 100 ^s^^ns? , - 
* Again show the spinner "^i^ith the dial red and | bjue. 
Ask what ^"heir expectations would be on one spin; on 100 spins. 
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coin 



In what way is spinning this spinner similar to the activity 
of drawing one block from the sack \Aich held one red cube 
and one yellow cube? ~ ^ - 

Show the ,coin^ preferably a half-dollar because it is easy for the 
^ *' » • , 

children to .^ee • ' ' /v' 

If I toss or. spin this coin^ wlir it land vith tHe - 

"head" up? ' ' ^ ' ' • "~ 



Discuss which is Jieads and which is tails; what constitutes a fair toss or 
J, ^ spin; that we*ll assume the coin doesn't land on its edge so there Qan be only 
, twa-possibl^ outcomes--heads or tails; that the coin is honest • In thinking* 
'about honest coins^ you should be aware that the 1964 penny is NOT honest. If 
it is spun ^ on a truly' smooth surface, it will land tails up more often than 
f heads up. • . , « 

Since a penny is' lighter than ^^^aif-doLlar, is it » . 

^ ^ more likely^to come up heads than the Half-dollar? 

• ^ > J 

.(In tossing any honest coi^, a head is^ust as likely 

as a tail • ) • , 




Flick here with 
finger of other 
hand . > * 



Demonstrate how ♦to toss or spin the coin. Some children^ find' Tt ^easier to 
shake the coin in a paper cup. If a paper is placed on the. desk, the noise^will 
be reduced. Let children guess the outcome. ^Comment that we'll be.^dplng . 
activities using coins. "r-. 

IB tossing a coin related to spinning the spinner ' 

. ' .yith the dial i blue and i red? to drawing one \. 

of the two blocks in the sack?^ 

. , ^ ~ 

, Children will probably^ see the relationship- -"^11 are equal chances"^ 



"one out of two", etc. 



die 



Show the die, mentioning that it is, a cube. , Raise question^, such as: ^ . _^ 
How many faces does it* have? ' What numbers do the dots represent? If I 
toss it, is the}:*e a fifty-fifty chance that the two ^ots will show on the^^ 
top face? Wlfat do you think will show when I 4>o3s it once? 

Toss the die; note 'that the outcome is the f^e that, is up. 

Do you suppose if I toss the die again, the outcome ^' ^ 

will b^ the same? . 

Would you expect a better chance for a three than j ' - 

a one? . ^ > , ' - ^ ^ 

I9 a s;Lx Aore likely than a four? . 

Let* pupils discuss their expectations but do not teil^them whether or not 
their ideas ar^ correct. ' Some pupils may see., that ^each, f^ace^has ,an ,^qual ,ch^ce^ 

to .be up. , ' 

/ ' . , 

If a king told you that he^d give you a sack of gold ■ - * 

• • ' Si • 

if you "could get one of the following outcomes, which • 

would you choose? 

f 1 1 

1. Blue on a spinner whose dial is ^ 2 



2. A 2 on^one toss of a die. 

r 



Lejb pupils discuss their choices and the reasons for .them. 

^ . . ' ' 

. At this point you might like to use two dice to play a game with the class. 

^A^l^eh^l/hat the sum' of the dots on the fwb faces that are up can be (2, 3^ ^ 

5^ If ^} 9/'^^y '^^} and write these sums on the board. Suggest that 

you'll toss the dice and if the sum is 2, 3, \, 10, 11 or 12, the class gets 



one point.- If the sunt is 6, 7^ 8 or 9, you get one poin'b?. Show them that 
fthey win^H six siims &nd you win on only five sums". Toss the dice and keep score 
on the board. ^ You have twice ^as many chances to -win as the c^ass. This cah be 
seen frgm this tablB of sums. For example, there are six different ways to 

"'^'^ * obtain a sum of 7 but only one way to obt ain a s um 

of 2 or of 12. Out of 36 possible sums, you win 
on 2^ of them and the class wins on only l2. Do 







Second 


dj 


Le 






L 


_2 


.3 


4 


5 


6_ 






2 


3 


4" 


-5' 


6 


■7 




2 


3 


4 


5. 


6 


T 


8 




3 


4 


5 


6 


7 


8 


9 


m 




5 


6 


7. 


8 


9 ' 


16 






6 


7- 


8 


9 


10 


11~ 




6, 


.7 


.8 


9 


10 


11 


12 



not exJ^Lain why you are more likely* to win but .encourage 
' ^'J^^S^s^T^'y^t^ss their ideas . Mention that in this 
'^^nlt th^y will learn many interesting things about 

probability. ^ 



^^qards 



I am a very good ,guesser . I can sense ^;^£hat is on the 
other side of these cards'. ( Eut^^h^^'two cardg with 
the -triangle on them face dovn on your desk.) I will 
now select the card with the drawing of a triangle on 
. ^ it. (Do so and the pupils will sense a trick and want 
<to :see both cards . Show these and then add the card 
with the drawing of the square on it.) Ask questions 
such as: ^ ' - • * 

On one dtaw, would you expect to iraw a card' with 
a triapiSfe on it or with a square on it? 

^Is there a* better chance of drawing a bard with a 
t/iangle or the card with the square on, it? 



These pages summarize and serve as a record of the class 



Pupil pages 

•^discussion. Th^y can be discussed- rather briefly .r 

Pupil pages h-6 : The exercises cah be completed independently a(nd then 

discussed as a class activity. Encourage the pupils to do all or a part 
of the optional section, Things ^ ^ Home These completed activities 
should be discussed in class. ' ^ . 

The .activity^ on page 6' has four possible outcomes; heads on thu first 

V 

penny and heads on the second penny; heads on the first ^penny and/tJiils on 
the second penny; tails on the first and heads on the second; tailc 'on the 

first and tails on tha second. These are usually written~-HM^ HT^ TH^ TT. 

^ * ' ' X 1 '\ ^ 
So the probability o^ two . heads- jft ]j;(HH^^ the 'probability of a hc^ad and av 

Thocc proba- 



ERLC 



fail is |^HT,TH') 6nd}-the;,.|irobability or two tails is J(TT)*. 



bilities would not be diS^cussed with the class a,t this earl^: .point in the 



unit. 
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1. " THINKING A'BOUT CHANCE 



You probably have heard or even made statements spch as these^i 

1. More likety than not we will go to.the park on Saturday. 
. 2. Chances are good that we will get to do it. ' 
' 3. John and:.^illy have equal chances to win. 

4. almost certain that I cafi come to your house. 
- after schbol. . " - ' - 



These sentences are alike in one way. They^have words and ideas 
which are used in mathematics. These words arid ideas are use^n a^part of 
matheniatics called probability. In probability, we are interested^m things ' • 
which happen by chance. By using mathematics we can often esti^nate 
qiiita^ccurately what will probably happen. - 

* We wifl experiment with such things as coins, spinners, -colored 
blocks, and dice to learn what to expect. Later we.will leafn what to.expect \ 
by working with numbers instead of using experiments. - — . . 

W|iat Do You Know About Chance ? - - 
Do you know the answers to these questions? 

* * 

, Who will win the World Series this year? 

Will all the members of our class be in school next Monday? r^; 
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I Hbwfiany-peop-levin our-^jass-v^ill have perfect fpelling ^ 



•Vie?' < ' , \ . . . ' 



I see a Ford truck on my way home \xm school this , 

. We cannot be certain of the answers to questions such, as these 
because they are chance events. However, (here are some' things about 
chance events which we do ;know. . • . * ■ 



Some things are' more likely to happen than otheb . For example : 




^ Which is mor^ likejynhat one of the pupils will be ••, 
' ' abse'nt or. that the teacher will be absent? • 

Which is more likely^hat you wtll have cereal for; 
^ breakfast or that you will have cerecHfor lunch t 

Which iS; more likely, that a boy will build a model ^ . / 
airplane or that a girl will build a model airplane? \ 

^ Some things are more likely to happen than not . Think" of answers 
to these questions:. 

In Phoenix, Arizona, in July, is it more likely than 
not that the sun will be shining at noon? 



:anlii 



Is it more likely.than not that you can-find* thf-^um 
of 324 and 465 ? ' ; 



1 



Is it more likely than not that your neighbor has 
a'TV set? ^ ' . . . 

Some things are certain and some things are impossible . Wjj/ich 
are these?. . ^ • . . 

A man can live without any IPquid for three npnths. 
I wilTuse my brain some time this week. 
My dog can write his first and last name In Russian. 
' ^ All new cars this year will use water for fuel. 
Tomorrow, ^today will be yesterday. 

' Our ideas about Chance might be Classified Certain, Uncertain , 
or Impossible . In front of the following sentences, write C,,U, ^ 
pr I for Certain, Uncertain, or Impossible. 



I 1. Sun will set in the east. 



C ' 2. A river flows downhill. 



^ 6. A rivier is deeper today. 
• than yesterday, . 



, ^^^ -ii ' *u *j' 7. I wIN sleep 8 houfs on 

C/ 3. We W4l I seethe sun today. ^ ^ 



^ 4. Sunwill rise 
_5. A river flows uphill. 



Monday. 

^ 8. I will sleep sometime 
this week. ^ 

J" ' 9. I will not sleep at all 
.this week. • • 



Exercises - Lesson i. 



Use these pictures for Exercises 1 through 3 . r • 




l/ Ciftle the letter of ttie spinner'whose pointer; is more-likely to stop 
on red than blue. 



V . 



(a) A or (5/? 

(b) ^'or D ?" 

(c) E or 




■/{dy(_Byor C ? 
(e) ^ or E ? 
{f)^or F? 



2. Study spinner D and answer these (luestlons. 

(a) Could you get 100 reds in 100 spins 
J . on this spinner? - . . • • 



(b) l^reyou likely taget 100 reds in 
IDO spins 6n this spinner? 



(c) A^^§w rtrany reds do you expect 
from 100 spins? 



7 
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3. Suppose a pirate captain said to you, "I will give you just one chance 
on a spinner. If tjie pointer stops on blue, into tha^ea you go. If it 
. stops on red, you may go free. ' . ^ 

'' ^ (a). If the* captain let you choose one of these 
• six spinners, which vi/og Id you choose for ^ 
I ' your chance? " s3 • 

\ (b) If the captain allowed you to make the * 
spinner, how would you color the dial? ^ 



'(c) If the captain were very angry, how do. , 

' you think he would color the dial? . ' alC y ' /<^^ 

Things To Do At Home' - Lesson I. ^- . , ' . ' 

1. Look for stories in the newspaper that use some of these words.- , 

probaiDle - probability-^ 

chance ecfual chance . ^ • • ' 

likely unlikely • 

^^Bring them to share with your class: ' . . ^ 
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2. Place a newspaper t)n a table. Shake two pennies in your cupped.hands . 
.and drop them on the paper. IVlJie attally 'mark on a piece of paper to 



Show the number of heads or4^iis.MSee the example below.) 



^ tieads 


i head and -1 tail > . 


' 2 tails y 


i 


mm ' 


UMmm 



r 



-Do this 60 iimes and record the results in a table like the orte above. 



1. How,m^ny times did ^ou get he^ds ori-both coins' 



2. Howfmany times did you get tails on both coins? 



3. How iTiany times did you get:^one head apd one tail ? 



4; Are' your answers to the first three questions the same 
! number? 




5. A re a ny two of you r res u Its equa I ?. 



... 6. ; Do you expect to get fewer "2 heads'' 'tl^n "1 headaiid 
^ . 1 tail" ? ' ' ^ . 



LEISSON 2" 

U6ing Aj2tivities to Learn About CSaance 



Introduction- . - . • 

— • • 

In the first lesson children participated primarily through discussion. In. - 
^ this lesson, they^^dll become more actiye participants b/ working together in 
teams or committees. Their experience with the various devices should help them 
'V build an educated intuition concerning chance events and get more of a feeling 
for probability. ' " ^ . ♦ .v 

The ten different activities suggested in this lesson can best be accom- 
plished through committee work, with several committees completing each activity. 
This really ^serves two_ purposejs: J'irst, the pupils are actively engaged in ex- 
perimentation and second, more data are obtained. ^ 

Because each activity *is carried on for 6;ily 50 trials, it is pc^ible 
^ that a committee might report outcomes quite different from what we would expect* 
'^This is really a tremendous opportunity..' Pupils should le^rn, for example, from, 
Activil:^ 2,;in which* the dial of the ' spinner "is ^ red! and | blue, that ifT^'s 
possible (but not very^ likely) that after 50 sp:|.ns there are more reds tttan 
blues-f-=yust the, opposite of what we might ^expect'. However, when several commi^t- 
tees have completed the activity and, we look: at the total number of ^out comes, we 
can be- fairly' certain (though not positive ) that there.^will be more blues than 
reds. This 'is one reason why, the study of probability is so interesting— we can 
determirfe what is expected, but this also means that the unusua,X is also expected. 
When children grasp this idea that the unusual can and does happen^ they too^ ,become 
delighted when it occurs. ^Remember that if we toi^s k coins at one time, we 
expect,^ hdads to occur in the long run about 1 out of >l6 tries. Thus, 
even, though k head6 is unusual, it does occur and we expect it to. ^ """""^^ 

Charts^,, tablets, and other'devices are commonly used in an introduction to 
P^^^a^i^i'ty^ and those selected her? are guite simple. Their vise is intended to 
develop intuition and to help promote systematic ways of proceeding and of re- 
cording outcomes obtained. * They Ijielp childre it visualize and comprehend some of*_ 
the basic notions in probability. ' ^ . 
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'Vocaljulary; DataT ' 



'Materials/! • Those from Lesson 1 and a Summary Report Chart for each Activity 
^ which ia- made" by the teachers ^ 



Suggested Procedure: , ' < ^ 

. Pupil Exercise Sheets f rbm the first 'lesson^^ftf/be discussed,' if this has 
.not already^ been done. Pupils, can share the -rCsfilts ,from the activities which 
. they completed at home. After thfs, show some of the device^, which were intro- 
duced in the first lesson. State that the boys and girls will now use. .these to 
see what outcomes actually do occux. > ' ■ ' 

- Assign pupils to committees. Have the^i look at the Activity Report Sheets 
while you briefly explain theiV use/ discuss standards for committee work, and 
make physical arrangements for' the pupils to work.' .You" can best determine hw to 
' proceed with your group of pupils. Some teachers prefer a few large committees, 
"Others several small ones , ■ • - - 

Each committee returns its completed report sheet to yo'u. Be" sure that the 
..raimber of ^he activity is written on this sheet.; Another activity jaight then 
assigned^ so that more data can be obtained. Let pupils know that, their'data - 
will be pooled with those^ obtained .by other committees to determine whether pat- 
terns can be found and conclusions reached. ,If materials are available', several 
identical activities c'an be performed at the same time by different committees. 

As the s-heets are handed in', you should fenter the. results on charts^, using 
a separate chart for each activity.' These charts need; not be elaborat.e but should 
be sturdy enough to use in Lessons 3, ands^. Some teachers- have found charts 
made' with a crayon or "a felt-point pen on newsprint, construction paper or. white 
wrapping paper' adequate . Others have made transparencies for use on the overhead ' 
projector." For example: ' . ; - ' - 

SCJMMABY REPORT CHART * ' ' 

Activity 1: Spinner with dial half i'ed and half blue. " . - . 
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Teams 


Number of Red - 


-.Itoiber of Blue 


Total Number of Spins 


Team 






i 


Team 
















TOTALS 'I 














* 

) , 



Lesson =2.' 




kcWy 1:* Spinning a spinner with dial 

m\ 1 ' 

^ ««« 2 ^lue and j 

, Directions ; . ^ . . 

V : •* " ■ . 

flie,pointer Of the spinner is to be spun and a record'fnade of Whether 
• it stops on red or blue. • (If it stops exactly on a line between red and blue, 
. f make no^record; but spin again.) 

' ' . One member of the committee will serve as recorder. Here is a sample • 

\ " 
record of 20 spins to show how the count should be kept; . 





Number of Red 


Number of' Blue 


*Total Number 
of Spins ' , 




M \\\ . 


.8 


M wr // 1 

\ ^- ^ 


rl2 




20 



/ 



.. . The other members of^k^cbmmittee will take turijis spinning the 
pointer until a total of 50 spifis have been recorded as fn the form above. 
In this class and in math and science classes in higherWades, you will 
need to keep a record of results from experiments. Practlce^now ^y 
organizing your results and recording them neatly . ^- 

Make a table on a full sheet of paper similar to the sample on this 
page. Head it "Activity 1". Record the results of 50 spins: The person 
■ who records the spins and the persons doing the spinn^g should sign* the 
- Sheet. Then giv^ it to your teacher, j; ' . /\ 
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Lesson 2. ; 

Activity 2: Spinning a spinnerwith dial - 

13' 
J red and ^ blue. 

Directions ; 

The pointer of the spinner is to be spLm*and a reeord made of whether 
it stops on red or blue. ,(If it stops exactly on a line l)etween red and blue, 
make no record, but spin again.) • . 



- One member of the committee will serye as a recorder. Here is a 
sample record of 20 spins to show how. the count should be kept: 



Number of Red 


Number of Blue 


Total Number 
^ 'Of Spins 


IHf ill _ 


, 8 


mm 11 

< 


12 


. . .20 " - . 



. The other iriembers of the- committee will take turns spinning the ' 
^^pointer, until a total of 50 spins have been recorded on another sheet as 
■ in the form above. Be sure to put Activity 2 for its heading. 

When all 50 spins have been recorded, each committee member 
, should sign the. report. Give it to your teacher. 




The pointer of the spinner is to be spun and a record made of whether 
it stops on red, blue, or yellow. (If it stops exactly on a line separating two 
colors, make no record, but sj/in again.) 

One memfeer of the committee will serve as recorder. Here is a sample 
§ record of 20 spins to show how the count should be kept: 



0 


Number of 
Red 


Number of 
Blue 


Number of 
Yellow 


Total Number 
of Spins 


4 

t 


« 


, 6 




9 




5 ' 


---20 



The ottjer members of the committee will take turns- spinning the 
pointer, i!intil a total of 50 spins have been recorded on another sheet-^s 
in the form above, headed "Activity 3". , ^ . 



.When .all 50 .spins have been recorded, each committee member . 
should sign the report. ,Give it to your teacher. 



Directions: 



• ' " 




tails ' 



of whether it falls with 



' The coin is to be tossed and a record madt 
heads or with tails^showing. 

One member of the committee will serve asTecorder. Here'is a 

» 

sample record of '20 tosses to show how the coi/nt should be kept: 



Number of Heads 


Number of Tails ^ 


TotalNuititoer 
: of Tosses 


m mi 


9 


MMI' 


11 


■ 20 L, 



■ The other members of the committee will take turns" tos^ii^g the coin, 
until a tptal o.f 50 tosses have been recorded on another sheet as in the 
form above. Head }he sheet "Activity 4" . . , S 

When all 50r tosses- have been recorded, each committee member 
should sign the report. Give it to your tBacher. 



Lesson 2. 

Activity 5: Spinning this spinner 

* • 

or 

. Tpssing a die and counting the 
number of dots on the top face. - 

— * 

Directions:' 




The painter of the spinner is to 1)6 spun or the die is tossed 
and a record tfrade of the res gits. 

One member of the conimittea will serve as the recorder. Here is 
a sample of 20 turns to show how the crfunt should be kept: 



No. of 
I's 


No. of 
2's • 


No. of- 


■ No. of 
P 4's 


JSlo. of 
5's 


No. of 

: 6's 


Total Number 


//// 


» 


/ 


// 


/// 


0 


« < 


4 


5 


1 


2 


3 ^ 


5 


-V 20 . 



V 

. ' ' . / . 

The other members of the committee will take turns, until a total 



of 50 spins or tosses have been recorded on another sheet as in the form 
above, headeS ^'Activity 5", - ' 

, ^ When 50 results have been recorded, each member of ti^e 
-committee should sign the, report. Give it to your teacher. „ — - 



Lesson 2. 




Activity 6: Tossing a die and noting wliether 
the number of .dots on the top 
face is even or odd. 

« 

Directions :. , ^" • « 

The die is to be tossed and a record made of whether the number 
of dots on the top face is^n even number or an odd number. 

One member of the committee will serve as a recorder. Here is a 
sample record of 20 tosses to show how the count should be kept: 



No. of times even 


No. of times odd 


Total Number . 
of Tosses. ' 


iff/! 


7 


00 HI 


13 


. 20 • . 

• 



The other members of the committee will take turns tossing the 
die. until a total of 50 tosses have been recerded on another stieet as in 
the form above, headed ''Activity 6" . \ 

* When all 50 tosses have been recorded, each member i)f the 
committee should sign the report. Give it to your-te,acher.- 



- J 



I. 



mc 



75n 



Lesson 2. ' \ ' 

Activity "7; Choosing one of tiiejwo 
cards. pictured liere. ^ 

Directions: 





Tlie two cards are to be p^ced face down on tife desic. (Be sure tliat 
the person who is to, choose does not icnow which card is which. ) One card 
Chosen and a record is made of the pficture on it. . • 



One member of the committee will serv« as recorder. Here is a 

* 

sample of 20 choices to show how the count should be kept. / 



Number of A's, 


Number of D's 


Total Number 
of Choices 


Mff /III 


9 


mm I 


11 . 


— : o 



The other members of the committee will take turns choosing carcfe 
' until a total of 50 choices have been recorded on another sheet .as in the 
form above, headed "Activity 7" . . ; / C 

When all 50 choices have been recorded, each member of the 7"^ 
CQmmittee should sign the report. Give it to your teacher. - 



49 



I. 



Activity 8: Choosing one of the three 



L 



cards pictured h^rei- 



Directions: 





The three cards are to be placed face down on the desk. (Be sure . 
that the person who is to choose does not i(now which card is which.) On? 
card is thosen and a record is made of the picture on that card. ' 

One member of the committee will serve as recorder. Here is a 
sample record of choices to show how the count should be kept: 



Number of A's " 


Number of D's 


Total Number 
of Choices 




13 


iHf.// 


7 • 


^ , 20 . 



• The other members'of the c^mm^wijl take turns, chibsing cards, 
until a total of 50 choices have been, recorded br>/anQtl^r's'ti6eia^' in the 
' form ^bove, headejd 'iActivity 8"% ' r ' * ' • 

• When all 50 choices have been recorded, each(nlliTiber-olfethe*>^- 



committee should sign the report.' Give it to youf teacher. > 



i ■ J 
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50 



< 



r 



15 



Lesson 2. 

Activity 9: Choosing a cube from a box 
containing one yellow and 
one red. 





71 



_yellow 



Directions: 



From a box bohtaining one red cube and one yellow cube, neither 
visible, a single cube is clrosen ^nd its color recorded. 

s 

Oni member of ^ committee will serve as recorder. Here is a 
. sample record of 20 choices p show how the count should be kept: 



f 

Number of 


Red 


■ Number of Yellow 


Tot^l Number 
of Choices^, 


m m 1 


11 


mm . 


9 ' 





The other members of the committee wilTtake turns choosing cubes, 
until a total of 50 choices have been recorded on another sheet as in the 
form above, headed "Activity 9'^, 

When all 50 choices have been recorded, each member of the 
committee should sign the report. 'Give it to your teacher. ' 



« 1 



Activity '^lO; Choosing ja cube from 
a box containing one 
: ' yellow and three redS; 

Directions: . ^ 



red 



red 



red yellow 



From a box containing three ftd cubes and one yellow cube, none 
visible, a single cube is chosen and its color recorded. \ 

One member of the committee will serve as recorder. Here is a 
samp^le- record of 20 choices to show how the count should be kept: 



Number of 


Red 


. Number of Ye 


low" 


Total Numbet^ 
pf Choices > 




16 


• //(/ 


4 

« 


- 2Q \ 



the other members of the committee will take turns choosing cubes, 

* W .' .. ''■ 

until a total of 50 choices have been reqorcled on another sfieet as in*the 

' form above,, headed "Activity 10" . ' . ^ 

When ail 50 choices liave been recorded, each member of the 
Honimittee should sign this report. Give it to yoiir teacher. ^ -\ 



, ^LESSONS ^\ ' ^ r. m) j 

Thinking' About - What '' Happened . V * 

♦ ^ . .. : 1 * 

« 'ft. 

- . • ' . ■ \ - 

InWoduction.* ^ % " i'/ 

, ^ l?his lesson is designed to 'help pupils .clarify their concepts of chance and 

uncertainty. The pupil activiMes' in Lesson 2 are.used'to introduce a. systematic 

* * . . • ? ^ 

'way of thinking about the. results of chance events. , Pupils are^ed to discover 

pbsigible patterns among chance events and to use these patterns, for estimating 

or predicting future outcomes. Finally, pupils are asked to conrg^are , the relative 

likelihoods of different chance events. ^ ' ' - 

Discussion should be informal with pupils being encouraged to state ideas in 
their own words . Clarity of meaning rather than the .use of technical language 

r 

should be, the goal. Teaching procedures are intended. as examples rapther thHn 
prescriptions and should be modified as ne^cessary tq meet class needs. You will 
•need to determine the pacing^ and points of emphasis. • , - . 

: '•r\ 

Vocabulary : Reasonable, ratio, estimate, predict/ ' / • ^ 

Materials : Those 'from p^ssoa 1 and the Summary Report Charts f romr- I^&s^n 2. . 

f • 

'*•.'*' * ^ " / 

Suggested Procedure: - ^ "'^ i 

7 ^ — *' ' ' 

Ask the pupils if they made any new .discoveries about chance in their com- ) 
mittee activity. ' Encourage discussien-and ask pupils whp changed their ^ thinking^ 
why and at what -point they did so.'^^.f^ ^ ' ' ■'^ ^ ' * 

Display the Summary Report Charts for Activity .1 "the spinner activity ^ 
* (half ^red, half blue); Activity h - the coin-tossing .activity; AGtivi1>y 6 - the 
die. activity in which the top face is. noted as an even or an odd nuirfcer; Activity 
7^- the card-choosing activity with two cards; and Acti^vity 9 - the cube-choosing 
f activity with two cubes . * . ' - . > 

■ ' , > " . ■ 

As^k pupils how th^se activities are alike. ^ (in each there are two equally 
liKely outcomes.) Raise questions such Ss: Do you think we^dgef e:fcactly the 
same results if we repeated tjiese activities? (No) Is it possible ^haf the 
' pq'iriter ' on the spinner would stop on blue every time.?' ^(Yes, but.it is not veiy 



likely.) )Is-^i| likely that the, coin .will be' he^ds 50 times in 50 tosses? 
(iTo^^btit it is^possible.) Develop that in these activities we .expect , each of 
the two'^ssible outcomes'^' to occur about half of the time. Discuss the charts 
of Activities 1, k^S^ J, and 9-and' see if each of .tlie two putcomes did happen 
.about half.tWtime* - / ^ , V . 



Show the SuiSiSly ^^port Chart Ibr Activj.ty 2^ - the spinner with dial oi 
one-fourth red -'and three-fourths tiliie -'and ask questions such as: 

. * ^ Do thesfe'results^ ^ree with your expectations? - Were 

there .m:qre blues '^than •reds? 

• ' ' ^ . ' ^ : . 

^ ' How were the reds and^blues divided when the spirmer 



was one-fourth red 'and thfee-i^ourt)is blue? (The 



1 division is most li^kely to be about^^one red to three 

' ^ ^ blues. -The important point is that the ratio of red. 
^ to blue is most likely to' be about one to three.) . 

Are you i&pye likely- to g^t red* on the f ir^st ^pinner or 
" , * * the gecond spinner?^ (First.) On which spinner is the ' 

chance of getting red the same as the'.^hance^pf getting . _ - 
" " blue? (First.,) • / ' 

Is it possible to get only red on the second spinner? 
. / (Yes.) Is .this- lilcely to happen? (No.) ' ^ . ' 

On which spinner would you be least likely to get 25 

reds in 50 spins? (Second one.) * ' , ^ > ^ 

Loc^ at the Sumraaiy Report Chart for Activity 10 - a cube-cboosirig activity 

«♦ — ■ ' ", , * 

with four cubes7~^Discuss the results and compare them with those from Activity & 

above. Ask questions to help ^daildren^^e how these two activities are alijce and 

to see if ^ the result^-^re about *what they expected or ipredicted. 




Show two 



cubefe, one red and one yellow, and place "t^hem in a bag^ 

If I. put one more red cube in the bag and then pick- 
one withouii looking, is it mo^ likely 'to, be red or 
more likely to 1^ yellow? (Red, since th^fe are riow 



!two reds and' only one yellow:) 



It the bag contains threie fed i cubes anjcL one yellow ' \ ^ ^ 
cixbe. hpv many cubes must I remove to be^sure I have ' 
removed- at least one red one? *(Two* Since there is ^ 
only one yellow cube, any two cubes raast^ include one 
• red" one . ) - ' i 

How many must I remove to be sj^e I liave r^noved af 
least one yellow one?- (Fourf^ Since there ^,is only 
pne yellow ctibe, all four must be removed to be 
certain of getting the-yellow one.) - 

. -^When the bag contains three red cubes and one yellbw 
cube, and I pick one cube without looking, how many 
chances do I have of picking'" a red pne? (Three.) 
A yellow one? (One.) . * J 

Then if I pick one cube,, two^d. you say the chances are 
three out of four that it' will be red? (Yes . ) ■ 

. Does this' mean I will get a red one,? (No.,^ It means 
I*m'^hree time§-as likely , to get a red as a yellow 
but it does not mean^I am sure to g^ a red.) 

■ • - o " r\ , ... 

Show the die and say: A- , 

• . .. ' • " - ' 

Our committees did two activities with a die.| How many 
faces, or' surfaces, does it have^ CSiLxTl) How many of 
^ ^ the faces hkv^ an odd number ^of 'dots? i (Three . ) J ,An, ' ; . 
even number of dots? (Three.) How ^ny have more than 
two dots? (Four.) ^ . 4 

If I toss this die one time, am I more likely to get 
an odd number or an eyeh numbed?' (^Ub^^'two^^are equally ■ 
likely. ) An I more likely to get a numlper larger thail 
3 * or a number smaller than 3? ( Larger .0 An I^more 
likely to get a 1 %than a 6? ^No. They are equally ' \ 
likely.) An. I more likely to get a 2 than an odd 
- ^ number? (No, less likely,, since there- are three. odd 
\ numbers but only one 2.) 

^' If I tbss the die six times, is it likely that I will . 
• ' get the same number each time 



Each of| the! six numbers hks jan egiial chance each ijiin^ I\ i ' j 
' tosB the die, boes^ this inean that if 1 toss it siL ;iimes 
I will get;each nuinber once? (No.) j : ^ 

If I toss the 'die ioOO times, am I likely to get each 
* nuinber about the same number of times? (Yes-.) Is it 
'possible that. I miglit get no 6's ?^ (Yes, it is ]^ossible 
but Very unlikely.) 

s , , / . > . 

Hbv many tjlmes must I toss the die to be ce3jftain'»bf 
glutting at least one ^6T^(We cannot tell. I might -get 
a 0 on first toss but it#is possible that I would 
not' get 6 in a million tosses. The greater th4 number 
of tosses, thfe greater the <^ance of getting an!^ one of the 
six number? . j . 

Show the Summary Report Chart for Activity 5 and discuss it with the clasak. 
Then show Summary Report Chart for Activity 3 - the three- colored spinner - andr 
ask questidhs as you have done before. Here there, are three* ;^ssible"~butcome^. 



each of which is eqiiallj^ikely . / ^ ' ^> " ^ 

' %' i ^ ' ' 

Finally, look at tKe^Suraniary Report Chart for Activi^iy 8 - the card- choosing^ 

activity from three cari^ - and compare the results with what might be 'expected. 



might 



Help pupils^ to svuimarize i*n th^ir own words what they liave learned.''^' This 
include the following ideas: A- ' * " * *' 



1 i When (ihanee is involved, we ean neve^ be certain beforehand of the' 
exact outcomes, ' \ «, » ' r ;^ 

2. ..^ere are often patterns, in ^large groups of chance events. These 



pajbterns help^us^.Jbp estimate- more ..accurately whaj: the, j0]a1;cpBies,mi 

be if the events* are repeated.' , . . 

f . 



1^. 



'Sometimes two events are equally likely; sometimes one of Ihem is 
more likely* than the other. , « * *^ 

We cart use activities to check our esl^imates or predictions abo^ij^ 
change events. . ^ 



Pupil . pages 17-gO : Pupils* answers should be discusse'^in^ class. 
^pil jpages 21-23 : These optional pages gi«Fe added opportunity to think about 



probability. The devices can be constructed quite e'asily 
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s 



i 
1 



from the diijec.tioni^j given in the Appendix^ The id^a that^ ; 

in the long run, the results ,are sibout n^hat we- expect i^ i 

'developed. You would not expect, for example in^'part c of 

the first-exercise, to get exactly 306 reds.^n .90O spins. 

This vould be quite unusual, hut you dd expect to get about' ^ 

300 redsi (We caa 'detennine by matheni^^^s, thai if ve 

were to spi'ii' this spinner for many sets of^ 900 spiks, we 

wouid^ find -that the number of reds would be between S70 

and * 330 in over 95 per cent of the sets of 90O sj^ins^ ) 

Exercise 2(c) is of the ^ame nature.- (Here the number of^ 

'reds would be between ^22 and *278 in over 95 per cetit 

of the. sets of 1000 tosses.) ' x - ' . 

f • * 

On page 23 we would expect- each face- to- be up about 30 
-'times in* llj^ to§ses, (Again, byWiiathemati6§ we' can deter- 
mine that , about two"^ thirds of thfe time in sets of 180'* 
tosses, the face with 2, or any other f ace',^ will be .up , 
, be^tween 25 and. ''35 times. ^In.ove^- 95 per bent of the * 
sets of l8p tosses, ^^-e can expect the- S'^ to' appeal*^ between 
20 and 4b times.-) - , ^' ' ' 
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Exercises - Lesson 3. 



' Hpre are ten'stateriients^bout chance everlts. ilf^thjinl^ a statement 
is trub, put a Tj in the blank after the statement. If you think the 
stateitient is not true,, fyt^fe P in the blank. ■ ^ ; 

1. If a tossed coin does not stand on its edge, it ' ' 
is certain to be either heads or tails. ^ 



If we toss a coin once, we are as likely to . • 

get a head as a tail. ' - -f^ 

3. If we toss a coin 100 times, it may be heads 

' 0 times or 100 .times or anything in between. / 



4.* If we toss a coin '1000 times, it is v^ry / , ■ 
unlikely that we will get 900 tails. * • " ' 7" 



J. 



' 5. Whether we'oet heads -or tails when we toss 

a coin -is a matter of chance. .V . - ' / 



,6. You might toss a coin 1000 times without 

getting a single head. . * ' ' / 

- ^ ' . ^ , ; ' / 

7. If a box contains two blue marbles and one / 

redone, and you pick one marble without*' . < 

looking; the chances axi-^-oaraTThat it • • ^ 

will be blue. ' . ' ■ / 



8, In Exercise 7, you have one chance in • ^ 

three of picking a red marbte. • • / -"7^ 



/ 9. .In Exercise 7, your chances of picking a 



/ 



green marble are zero. * / 

10. Joe is eight years old. It is more likely 

that he js. four feet tall than tenJeet tall. ^ " / 



Read the following statement carefully and then answer Questions 11 



to 15. 



A spinner has a dial which is one^fourth " v 
white and three-fdurths red. . 

11. If you spin the pointer 10 times, are you 

likely to get the same number of reds as whites?" y^y^, 

12. ' Are you likely^d ^et more whites than reds? ' • " /:^^ 



13. Ifthe cH^njcesjjLgettlagxelare 3 ouLof 4, . ^- • 

whata^ttiechancesof getting white? ^ . 

r" . 14. Can you be: certaln.of getting ^t le^st on6 red .. 

\w 10 spins? * : . ... .7tS • 

* 15/ Is it very likely ^fiat y^^ . . . ^ 



In 10 .S[i1n^^?' '1 • ^ ^ ' ' . 



\ ■ . ^ • \ 
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ly, ^ ; Read the;fQllowing.statement carefully and tlren answer'Questions 16 
I through' 20.| ' ; : . 

. ■ - . ; ; James has three green marbles and « 
• two blue marbles In his pocket. . 

*' . 16. JHow many marbles must he remove to be * 
sureofgettlna'a blue marble? 



19. How many marbles must be removed to 



V 



■ 17. How many marbles must he remove to be 

sure of getting both the blue ones? ■ 



18. ^How many marbles must be removed to 

be sure of getting both colors? . ' / 



be sure of getting a green one? ' ' 



20. If James removes- one marble, thfire are . . ' 
/ three chances out of •? that It will 

^.bea.greenone. ^: : - , 



> 



i |h1nk;abduisonieitW^ Thirik about some ' 

things that might happen, and about other things that just can't happen. 
Then answer question's 21, '22, and 23 . . 

\^ ?!• List three things that you know, are certain to happen. 



a. 



b. 




22. List three things that may or may not happen, 
a. 



- ' b;~ 



c. 



T 



C. ' • • jii' - . 



7Z ^ 

23. List three things that carmot happen, 
a. • . 



h Make a spinner with a dial J red, blue, and ^yellow. Use your 
imagination. Spjnners can be .made from paper plates, plastic tops from 
; a paper cup, cardboard, ice cream sticks, and so on.. Place a bead under 
the pointer, or anything to keep it up off of thadial. .Stick<a pin through 
- the pointer, the exact center of the dial, and into som.ething like an 
Ifraser. 

. Spin the pointer 100 times. Keep track of the. outcomes in a table such 
as this: 

Blue 




>^Tally 
.-Total 



4^ 



B'l u e 


Red • 


^ Yellow 
















* 



a. How many times did the pointer stop on blue? 
.On red? On yellow? 

b. Is each of thesfe colors equaily likely? 




c. If you spin the pointer 900 'times, you 6(pect it to stop on red 
about (1oo3 400 500 times. (Circle your answer.) 
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... . I 2. Use the directions in the Appendix to construct a tetrahedron. Color vv^% 
^^ • • /1\ • . .. one face red,, one blue, another 

yellow, and the last green. ~ — j 




Toss the tetrahedron 100 times and note the face that is down. ^ Keep 
triack of the outcomes in a table such as this : 



0 


Red 


B^ue 

X » 


Graen 


Yellow 


Tally 










Total 











a. 



How many times did .the tetrahedron, fall on Red ? 

Blue? Green? " ^ ' Yellow^ . 



b. Add the number of times it fell, on red and on blue. 



, Add the number of times it fell on green and on ;yel low. ^ 

' - "Is each of these sums about « " of the total. number of tossest or 

' 1 • ■ . ^ ^ ^ t 

V ' abotlif J ' of the total number of fosses ? T^bblit ■ - 

\ c. If -you throw the tetrahedron 1000 timps,*about how many times 

r do you expect it to fall on red? J^SO- On either blue or 

' red? . ' . 

I 

3. Make up a game that two people can play so tKat each person will have 

an egual chance of winning. Explain it to the class. Describe any \ 

,- ^ ' . ■ ' ^•«-^- 

\ material needed, such as spinners or dice.- Be'sure yoilr rules are 

' clearly stated. ' • 



4 



A: Tpss a die or a cube.which has. its. faces numbered from jl through 6. 

The Appendix has directions for constructing ^ cube jhe^ahedron), or 
• you may use a die from some game. 



Tdss it 180 times. Use a table4o keep a record of the results. 





. Number of I's 


Number of 2's 


c 

Number of. 3's 


Tally 




0 




Total- 




• 










1 ■ V ' 




Number of 4's 


Number of 5's 


Number of 6's 


Tally 




/ 




Total 


* 




> 



a. bid each fac€A come up at least once? ^ . 

b. Thefacesare eitherodd (1,,.3, 5) .OF.even--(2T 4, 6). ah 180 * 
tQgiSes, about how m,any outcomes woilild you expect to be. even 

\ numbers? /^^p iJAYpj^ experiment,, how many we're even 
numbers? 



c. On a die or cube, each of the six faces has an equal chance to be 
up. In 180 tosses, how often would you expect 2 to be up ? 

5 to be up? Jo In you experiment of 180 tosses, . how 
many times was 2 up? 5? ,f 

d. If you tossed a die 6000 -times,'' about how often would you expect 
each face to be up? /.di?^ . . ' . 
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LESSOlf'iiT 
Using Graphs to> ^Learn^out Chance 



1 ' j 



Introduction. . 



J 



This lesson helps pupilfe with the techniques^ for gathering, tabulating^ ^ 
graphing, and^fSterpreting data which they generate "by tossitig jbl coin and tossing 
a die . - . ' I 

If pupils are already efficient, in these techniques, £^e lesson will move 
" quite rapidly and might even "be considered optioilaT. You" can decide whether 
' * yoxxT class will^l^fofit from it/ The ideas in Activities 11 and 12 are not a 

^ radical departure from those already presented "but serve to help t^he pupils 
.^refine their thinking and sharpen their intuition ^bout chance .events "by ahalyz-^ 
ing the results of ^'largQ number of trials. 



Vocabulary: Tabulate, horizontal, vertical, int^rsecBion of lines, scale. 



Materials : ^ (l) A coin and a die for each of the ten teams. . , 

(2 ) ' • Summary Report^ Chart of coin-tossing ''from the^previous 
lesson. % 



Suggested Procedure : ' ' ^ » - . * 

Tossing a Coin . . - _ ' ^ ,^ ^. ^ - 

Display the Summary Report Chart of A9tiviiy ^ - a, .coin- toss ing 
activity... Emphasize tha*t it shows t^e total number of heads and tails^f.rbm a 
f ew .cominittee..experimehts . Suggest that il^woul^d.^e possible to compare the ' • 
results obtajLned by. each of 10 different teams if we could display: the intorma- 

.tion in'sonie eaSy way. Explain that eacK of the^e ^ 10 teams, will toss a' coin 
and will later tos'S a 'die to^get data whi<ih will be .graphed. This number of 
teainfe has been ^chosen for convenience 3*?i later computation, so it is necessary - 

,that there be 10 teams. We w^'nt a total oi* .100 tosses of a coin and 60O 
tosses of a die. Assign children to -the 10- teams and. give a coin *o eacfe team. 
Briefly explain page 2U and ask pupils to predict wh^ they think the results 

-.'.wjLll be. ' Letter th^ sheets frofti A through J as each team hands one to yod* 
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Record irthej data on the chalkboard, as on Pupil ^page 25, and have the children 
complete page 25 in their "books. Then discuss the' five questions "at the "bottom 
. of page-25» Question k is concerned with what we expect,, in the J^ng run, when 
ve toss a'jcoin. We do expect a"bout half of the tosses to )be, heads, (in our 
sample of 100 tosses, we can use mathematics to computeUhat the num'ber of 

, heads will "be "between ^4-0 and ^ in a"bout 95 , per cent of the sets of 100 

\' * ' - IIP' 
tosses.) >You might" write on the "board the fractions and ask which 

"best represents the fraction of heads in the total numtei^ of tosses. 



Have pupils look at page 26 and explain, „ as is necessary, the g^aph form 
aM the manner of graphing each team^s data.' Note that the sym"bol " 0 is 
placed at the iiftersection of a horizontal and a vertical line'.. Do not connect 
the "0*s"^with line segments. Point out the graph form for the total num"ber of 
' heads iK' 100 tosses and discuss^it with the class. ^ Call attention to the fact 
that .the scale on it is different from*^the graph form to its left 'and tha| it 
represents just 10 times the numbers' on the first form. ' ' . 

""'When the pupils have completed-'th^ graphs, emphasize the ease with which 
^^rtain questions can now "be answered. For example: .Which team haS. the largest 
^ num'ber of heads in , 10 tosses? How many team^ reported either 5^ or 6 
heads irt 10 tosses? 'How many teams reported either 0, 1,' or 2 heads in 
10 tosses?" Did^any team report either 9 or 10 heads? Where do the points 
of the graph of the teams ^ data seem to clustei;- at the top, middle, or "bottom 
. .o*f^^e graph form and how does this cpmpare with the' graph of the total data? " 

• • V 

^The questions at the "bottom of jTage 26 can be answered correctly in several 
ways. We are trying to develop the idea ihat in the long run, heads will occur ^ 
about half of the tfrne ajnd question 1 is concerned with this. Show that although 
^ the niimber of heads reported by. the teams ie quite varied, the number of he^ds 
,on roa tqsses is more stable--that is, about half of the tosses are heads. 
Question 2 uii^ht be answered' either "yes" or "no". In the discussion bring out^ 
for jexample, that 57 heads in 100 tosses is closer to ~ than is 6 heads 
iii 10 tosses, even though 57 is 7 away from $0 while 6 is only 1 away 
from 5, and we expe(j;^ heads to occur, in about, one-half of the tosses . Question 
3 is baSed on this same idea of expecting about one-half of the tosses to be \ 
heads in the long run. Explain as is necessary, depending upon the background J \ 
of yovir children.^ , { . ' ' ^ \ 



1 . 



. * have tabulated and graphed th^ results of 

• , " * . tQssing a coin.' Nov we*ll work With a <^e. How many 

/ . . faces does a cube have? ^ Is a 1 , as lijcely-to be up 

' ' K on one toss as a 6 ? * * "* ^ 

You migh-fis^xse the saihe ten teams as^befoi^ ar& givW^ch one a die. -Brief- 
ly e'xplain Activity 12 on page 27 and. ask pupils 'wjfiat they expect the results 
•fwill "be* Letter their sheets from 'A through J. as each team hands its sheet 

to you an4 record t^ie data on the chalkboard as on Pupil page 2o. Each pupil - 

^ ^ • 
*then • completes page 2o in his text. Discuss pupils* answers^ to the six ques- 
tions at the bottom of page ^25 and make ^ny appropriate^ comments concerning the 
results obtained by the various teams, * In Question 6 ve 'expect each face to be 
up about 100 times. In over 95 per cent of the sets of 600 tosses, a 
given face will be up Tj)etween 8l and 119 times • 

On Pupillage 29 e:jfeLain, if necessary, how to draw the graph.. Pupils , may 

need to be informed of thb_..letter of, their team so that they know which data to 

use. Discuss their responses to this two questions at the^ bottom of this page. 

, We would expect each face to occur about ^Q^^ times -^in 60 tosses of a did .but 

-because 60 is not a large jiumber of -fosses, some pupils may fincP^a face occur- 

ring only k. or -less times or perhaps- -$,s?' many as l6 times or more. 

/ ■ * 

Pupils can draw the graph pn'^page 3Q and should not-^connect^ the "X*s" with 
* iine segments. Then ask such questions as: ,0n all our' 600 tosses, did any 
f ac,e fail to appear? What is the largest number of times "b^at ai^^ face appeared? 
Hie smallest? Did any fac^ appear on more than'half of the tosses? Would you 
expecV it to? If, after many tosses, ve found that a 6 had not occurred, 
would we expect ' a 6 on the next to^s? - , 

%ie tyo questions -'at We , bottom of page 30 Kill require discussion. Here 
again, the idea is that the'tbtal class results should be "more like" the' jr 
results we would expect than would be the c^s^ from a smaller number of tosses. 
For example, we expect about -r of the tosses to be a '3, so in 600 tosses ' 
we expect 3 to appear aboiit 100 times. If ''it- appeared' only 8o- times, 
stilJ^ is closer tc5%the ^ of the'times we expect than is/its occurrence 7 
time's^an 60 tosses. You might suggest that pupils draw a horizontal line on, 
. the total graph form at .the place which represents the number of expected occur-, 
rences of eadi face ,100) and see how the results -of €90 tosses cluster 
*around this line. Pupils could then draw, in the same way, a horizontal Upe ^ 
(at ID) on the graph form on page 29 and again see how their results cluster * 
around this line, , - , - 
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Lesson 4. 



Activity 11: - Tossing a coin - a team activity.' 



/ 




^l^ lglrections : ^ 

^^-^^l.cqiFi IS to be tossed ten times and a record made of wiiettier it falls , 
, ' heads or tails. . " ^ ' *^ ■ • 

/ ° Ori member will toss the coin and arTother member wfffrecoVd the 



^-result. Here is a sample recor^d of 10. tosses to shov^t how to redord^lhe' 



results. 



Sample Recoft ^ 



v.i^berof'Heads^ 


Njurriber of Tails . 


To^L Number . 
• Sf fosses 




4 




6 "^^ 


10 . : 



On ani^her gieet make a table similar to theone above^ /Keep track of your I 
' fesuits.for 10 tos^el tacllmerffie^r olf the fam.slfould:sign the sheet/ 1 ^ 
^ybur teacfier fill-ask fpim soon, because your re^sults will be used in 
-class aetivity^'^ 
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Class Data Sheet for Tossirtg a' Coin -- To accompany Activity U. 



1 



■ V — , 


No. of Heads 


No. of Tails 


Team 


. in ID. ,. Tosses » 


in 10. Tosses ^ 


A , 




4 

1 


n 

B 






C 




4 

.J • 


D 






E 






If 






G • 






H 






I 






J . 






Total 







1 



1. * Which team h^d the largest number of heads' in 10 tosses? 
. .. the largest number of tails in 10 tosses? 

2. About how ofteh would you ekpect heads in 10 tosses 

in 100 tosses? J^O ' ■ \, n * . ^ 

3. Each team tossed the coin 10 times. In all,< how ma^iy times was the 
♦ coin tossed? /C?C? What is,one-half of this number? S'c? 

4. Out of all thes'e tosses, how many times did heads occur? '" ' • 
' Is this about one-half the number of tosses? • 

5. Would we need to record the number of tails on our Class 'Data ' 
Sheet? /2^y- . ' . . / " 



V 
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- Lesson i 1 
Graph $,h^et for TosslRg a Coin — To accompany Activity 11. • 

Direction s.: • . ' • ' 

' \ . 

Graph, each team's data with ah "0".. tUse the scale on the left.) 
traph the cl^ss total data with an "X". '(Use the scaie on the right.) 



o 
c 

CO 
/. , ^ 



E 
3 



10 
9 
8 
7 
6 
5 
4 
3 
2 
1 
0 



















< 










)- 






• 




























— » 






































1 




























































* 












\ 











■ 100 

■ 90 
{ 80 

■ 70 

■ 60 

■ 50' 

■ 40' 
H- 30 

- 10 

- 0 



CO 
CD 
CO 

o 



o 
o 



CO 

cu 

CD 
□I 



CD 
JQ 

E 

3 



A B C D 



E F 
Teams 



G H I J Total 



Compare the graph of each' team's results of 10 tosses with the graph of the 

u.-^ ^ ' - • • 

total data of 100 tosses. ' , 

1. In geaeral, which is more nearly what you would expect, the various 
teams' results orthe total results? ' , . • 

2. " Is the number of heads in 100 tosses more nearly what you would expect' 

than the. results your team had in *10 tosses? "., 

3. Is a larger number of tosses more likely-to result iKw/hat you expect than 

a - - • . 

just a few tosses ?j^e-£^ . , • . 
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Lesson 4. . • . • • 

AGtiv4ty 12; - Tossing j^ie -- a team activity. ' . ' 

Directions: ■ . ' • , ~ ' 

Tiie die is to be tossed sixty times and a record made of the number of 
dots on the top face. * » 

One member will toss the die and. another will record the result. Here 
Is a sample record of 20 tosses. 





No. ofH 


No. ofE3 


No. ofS 


No. ofS 


No. of X| 


No. of « 


Tally 


a 


nil 


/// = 




/// 


m 1 


Total 


2 


4 


• 3 


2 

' * 


'3 


6 ' 



Use a sheet of paper to make a table similar to the one above. Toss the die 
60 times and record the results in your table. Each member of the team ' 
should sign the sheet! Your teacher will soon ask for it because your 
results Will be used in a class activity. , • m- 
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Class Data- Sheet for Tossing a Die -- To accompany Activity 12. 



1. 

2. 
3. 
4. 

5. 



Team 



B 



D 



E - 



H 



Total 



No. of 

□ 



No. of 



No. of 



No. of 



No. -of 



No. of 



Total No. 
of Tosses 



600 



From the totals, which face of the die was up the most? _ 
Are any two or more totals the sarrte? Which?. 



Did any team fail to get all^six numbers? 
Would you expect that on 60 tosses, each number would come up 
at least once?^ 

If we tossed a die 1000 times, could we be sure that every number ," 
would come up at least once? /^tje^- 

■ 

In 600 tosses of a die, about how many times would you expect .^ch 



face to be up? /^<y 
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Graph Sheet for Tossing a Die To accofnpany Activity 12. 
' Directions ; ' ' 

Graph your team's data with an ';0". 



60 
S 57 

^ r A 

g 54 
51 

S 48 

45 
42 
39 
. 36 
>33 
30 
27 
24 
21 
18 
15 
12 
9 
6 
3 
0 



»I3 
U 
O 

a>" 
o 

LL. 
(U 

CO 
(D 

E 
i— 

^ o 

E 
z: 

■s 
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2 , 3 ■ 4 5 
Number on Face 



1. . Did yoQ have any results which you thir^k are unusual? 



/ . 



2. ' Wti)at makes you think these. results ai;e unCisual? 



/ 



r I: ^ Gjrjaprt^ Sheel ofTotal Class'Rfeults for Tossing a Die To accompany Activity - 12. 



Graph the total class results ^rth an "X". 
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600 ' 

570 ' ^ 

540 g 

510 ^. 

480 i- 

.450 c 

420 Z-^' 

390 ^ t 

360 5 



300 



o 

270 

240 - 

'210 E 

180 t 

150 Z 

12Q f 

90 => 

10 g 
0 



1 



12^34,56 
- Number on Face . - . 
Jhis graph' form is the. same form that you used to graph your team's results. 

Howevef, the numbers .on the right side pre ten'times those on yourleam's *' 

graph form, 'this is a graph of 600 tosses instead of 60 tosses. Compare your 

team's'graph with this graph? .. 

I ' Does -your team's graph seem to be farther^from the expected results, or are 
the total.class results farther from the expected 'results? 

2. Can you explajn why this is so?; 




LESSON 5 - • 

• , Using Bar Gt'aphs With Pro'ba'bility Experiments 



Introduction > . ' - * 

This lesson uses "bar graphs to^ reinforce ideas relating to pro"ba"bility . 
Pupils construct and interpret "bar graphs using results of the Activities in 
Lesson, 2* Select for discussion and gra^jhing the data' from one' -^eam for each 
activity. , (You may also have pupils draw a graph of the coniDined data from 
those Activities which were carried on "by more than one team,) * / 

Many interesting observations can be' made fram the gr^ph on Pupil page 31 

which will show the results- from all ten Activities • For example. Activities 1 

6^ 7/ and 9 involve two equally likely outcomes, and we would expect the 

results to cluster about 'the 25 on the graph. ActivitiesiB and 10 involve 

outQbmes whicH are not equally likely, and we would expect a different picture. 

Activities 3 and 8 should show a third pattern and Activity 5' another pattera. 

• . ' • ' ' ' 

Picturing alA this information on one "graph form 'should ^be quite revealing but 
time must "be taken to discuss each graph and how and \d:iy it differs from the 
others. ' . * . v 

,/ * • • i 

Vocabulary : Bar graph. ' ' ' - - f r 

Materials : (l) Summary Report Charts of results from Activities 1 through 10 
from Lesson 2»r *' ' ' 

(2) A table on the chalkboard or on newsprint, or for use on the 
• overhead projector, as indicated in the next paragraph. 



Sugggste^d Procedure ;,; ' . ' 

. When ve worked in, teams, we recorded the ^results 
, of ten di'fferent activities.* .Here ^re the resuljis 

that some teams found: (Use actual results as re- ^ 
ported and have a talkie on the chalkboard- or on a 
large sheet of newsprin^ or for the overhead projector; ^ 
See 'example on the next , page.) 



Activity 


Number of 
trials 


Result 


Act. 1 Spinning a spinner red^ ~ blue.) 
Act. k Tossing a coin (Hea(3s or tails*) 

• 

Act. 6 Tossing a die .('Odd or even.) 

Act. 7 Choosing a card (Triangle or'^square.) 

Ait. 9 Choosing a cube (Red or yellow.) ' 


50 /spins 

50 tosses * 

50 tosses 
; ' ♦ 

50 choices ' 


22 blues ' 

29 heads 

3'0 *'even 

19 triangles 
% 



Ask pupils in what way these activities "are alike and if they notice any- 
thing similar about the results. ' , 

Teams also reported these results: (Add these to 
the. table ogy^the board or chart' and again use 
actual data.) 



r 



Act.j2 * Spinning a spinnei*(^ red^ ^ blue.) 



Act.\10 Choosing a cube (3 red^ 1 yellow.), 







50 spins 


32 blue 


50 choices 


35 reds • 



Have pupils tell in what way a jresalt of blue on a spinner with a dial -r 
red and blue is like a result of red in choosing a cube from a box containing 
three red cube^ and one yellow cube. Bring out that there are three out of four 
chances of getting a red cube from the box. 

• pother outcomes rep9i:,tjcid by two committees were 
^(Add actual data to the table^ sucli as.:.) 



Act. 3 Spinning ^ spinner (^ red^ ^ blue^ ^ yellow.) 
Act. 8 Cho6sdng a card (2 triangles^ 1 square,.) 






50 spins 


\\ reds ; 


50 ^choic^s 


20squares 



Ask how these two activities are ali^e and help pupils determine that the 
chance is one out of three for red on the spinner and there is one chance in" 
three^f choosing the card with^i:he square. 
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A committee xeijprted these results for--> Activity 5- 
(Use actual/ data *to add to the table\) 



Act. 5' Tossing a die (Number of dots up.) 



50 tOSS66 



T ones 



4 - X 

Discuss the fact that each face on a die is equally likely to be up when a 

die is tossed^ that a given face -has «gust 1 c^h^ce in 5 to "be up. 

' fLet^'S^ show all the results on one graph and see. 

h^V it looks. Maybe we can find some patterns... 

Pupils can turn to page 31^ "Graph of Committee Activities" atid complete 
i^eir graphs as you graph on ^he board. .This bar graph may be new to some' 
pu^pils. It can be related to the graphs they have previously made by reteaching, 
as necessary^ how to plot the points for different numbers between ^0 and 50^ . 
using the graph you have drawn on the board or on large newsprint . - . 

Look, at the completed graphs and lead pupils to see that Activities 'L^-,*^ 
6^ 7^ and 9 are d6rJperned with two equally likely events and that the graphs 
•picture the frequency of one of them. We would expect this frequency .to be about 
half the number of trials. _ . . 

: In Activities 2 and 10^ tfhe outcomes are not eqij^ally likely but favor blue 
for the spinner and red for the cubes. The^ chances are three out of four^that 
blue will occur on the spinner and three out of four that a red cube will be 
chosen. *It mi*ght be well here to ask what would be the picture if weM graphe^d 
the number of reds on the sj)inner and^Kfe number 6f yellow cubes chosen. Haw 
would th^ graph ^look then? This i,s really laying a foundation for "complementary 
events^ which Vill be dis^usseS. l^ter.' In Activities 3 and 8 chances are one 
out of three of getting red on*^he spinner and one out of three of choosing a 
.card with a square* Ifi Activity 5^ the chances are one out of six* that a 1 ' 
will be up when 'the -die-is tossed, • ' - 

IJhen* compare th^ graphs^ of Activities 1^ and- 9 with Activities 2 

and 10 and with Activities 3 and 8. Lead pupils to see that.;^e data from the 
fii^t five tend to cluster about' 25^ from the next two about 3t^ and from 
Activities 3 arid" 8"^ about 'l?.. We would expect the dsfta from Activity^ to b^ 
about 8 .but because this is from just '50 tosses^ it might vary considerably. 
If the combined data obtained by all te^ns were graphed^ this clustering would ' 
be even more evident " • . 
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Before leaving bar graphs^ you might vant to' develop other ideas such ae 
.the bars' could be placed horizontally instead of vertically. It vould.be de- 
sirable to eonstruct a; graph which shows a compilation of all team reports* For 

'example, if three teams complete d^lctivity ,1 (50 spins* of a spinner with a dial 

1 1 ^ . 

of ^ blue and - red); you might want to graph the number of reds in I50 

spins * ' . ' 

. In discussing the graphs, reinforce the ideas that some things, are more 
. likely to happen than others and that' graphs help us see patterns and note 
relationships which'might not be evident .otherwise. ' ^ 

Pupil pages 32^35 - These pages give practice in making and interpreting bay 

graphs . You Mght ,want to omit those exercises which^re too easy for youl* 
class. On^'page 33^ the results listedifor Bill are unusual. You might 
like to have children toss a coin' to see if they find heads do occur this 
/ many or more time^ in 50 tSss^s. Weoexpect that on 50 tosses, the* 
number of heads will be between k3 and, 57 over 95 per cent of the 
time. Exercise f on 'page 3^ may req^iire spme explanation so yoii* may need 
to do this as a clajs activity. Exercise h on this same page should be 
discussed because some pupils will say they would rather guess on 10 
tosses because then they "coul'dn^t miss it very far." This i^ another 
opporbumSt^^ to develop the idea that in a large '^number of trials, our 
.results will probably be close .to wliat we expect, for example, when we say, 
, "We expect/ heads to occur about one-half 'the time." Thus, 236 headg in 
500 tossefs is closer to one-Jialf than is 6 heads in 10 -tosses. Ques- 
tion h ^on page 35 is similar to -this. ^ ' * . 

. Pupil pages 36 and ^ 37i Exercises h and i on page 37 help children dfetelmne 
what to expl'ct when many tibials are perfoimed. We would expect blue on 
spi'nner 2 about ^ of thev^me or about 125 times in .1000 spins. 
(If many children spin a spinner 1000 times, the number of blues that over 
95 P^er cent would get v;ould be ^between , 10^^-, and . Jt would be very 

unusual to get as. few as ' 100 blues or more than I50 blues.) 

- ' 1 ' 

• On spinner 3 ^ would expect* the number of reds to be about ^ of 



3 



the total number of spins or about 333 in 1000 spins, 



/ 



Further Activity ; Here. is a game some children might enjoy playing. It is 
-written so that yon can duplicate it for them or you may wish to just explain 
• it . flayers will want to determine who ^has the "better Chance to win and o^e . ^ 
way .to do this is described/ - ^ ; 

. Squares and Products ^ 

Find a partner who will play a game with you. You will need' two di.ce- 
of different colors, for example, red and white, and the (S-colored)' spinner 
marked 1 %^^D--or you could use 3 dice. You will also need a piece of 
pape3> to keep score. One player is "Squares"i the other is "Products". "Squares" 
•spins the, spinner or if you do not have the spinner, he can toss one die. His 
score-is the sq^^are of the number he gets. (To find the square of a number, 
multiply the number "by itself: The square of 1 IX 1,^ or 1$ the square 

of 2 is 2X2, or k: the square of 3 is 3 X 3^ or 9, and so on.) 
"Products" tosses the two dice. He. multiplies the numbers of dots on* the two 
dice. Their product is his score. If the spinner shows 3 and the dice show • 
5 and- 2"", "Squares" get s ~ 3 X- 3, or 9, and "Products" gets 5x2, or 10. 
If the spinner shows k and the dice show 2 and 6, "Squares" gets k X k, 
or l6, and "Products" gets 2x6, or 12. Their scores might look like ^ 
this: ' ' , ^ * 



First round 



Second round 



Spinner 
3 

1^ • 



.Dice 
5, 2 
2, 6 



Squares 

9 
16 



Products 
10 
12 



The_^winner is the player with the 'higher score after 15 rounds. Do you know 
J5/hich player is more likely to win? You can find out. Add the squares of the 
numbers 1, 2, 3> ^> 5> and. 6. Divide their sum by 6. This is the average 
possible score for "Squares". Wow find all the possible pro&icts. A table 
helpful in finding these. ' .p^^ ' ' / 





X 


2 • 


3 


k 


_5_ 


6 


1 


1 


2 


3 


k 


5 


6 


2 


2 


k 


6 


8 






•3' 










9 




k 














5 










V 




6 
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Now add al^ "thirty- six products and, divide the sum 36. This is the average 
6 ' score for "Products". Who has the higher average possible score? Who is more 



- ; 



likely to 'i^n iihe game? 



4 0' 



' Things to~thirxk about? The- average score for the red die is 

average score for the white die is . The product of these two numbers 

is ' . 



The 



\ 



i 
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GRAPH OF COMMITTEE ACTIVITIES 



Activity^ 



uChbice 

50 
48 
46 
44 
42 
40 
38 
36 
34. 
32 
30 
2S^ 
26 
24 

20 
18 
16* 
14 
12 
10 
'8 
6* 
4 
2 

ugo'- 



1^ 

Spinner 
'l/2 Red 
U/2»Blue 


4 

Com 


Die 


7 

2 Cards 
1 with A 
1 wWhO 

• 


~ 9 

2 Cubes 
IRed 
1 Yeliow 


2 

Spinner 
1/4 f?ed 
3/4 Blue 


1 A 

4 Cubes 
3 Red 
1 YeL|6w. 

/ 


Spinner 
♦1/3 Red 
1/3 Blue 
1/3 Yellow 


0 
0 

1 Cards 

2 with A 
1 witha 

V 


c 

J 

Spinner 
or 
Die 


Blues 


Heads 


Even 


Triangles 


Reds 


Blues 


Redy 


Reds 


o Squares 


Ones 










• 
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}t Jim tossed a coin. 50° -times in groups of 10 tosses". . H^4cept a recDrd of., 
the results by tallies. - H stands for heads. ' T stands for tails."' 

.. • , « Toss^es' •■ . * 'r^, 





first^ 10 


Second 10 


Third 10 


Fotirth 10,' 


Fifth 10* 




H 
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tallies 
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• 

of h«ads 
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a. . Draw a'bar graph to show;Lthe number of heads JiTh got on each 
- gpqup of 10' tosses.. 
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b. Out of 50 trials, how 
many heads did he . 
•toss? JiC 



c. 



On which series did 
he h^ye the most 
heads? 



^ First Second • Third Fcyurth Fifth 
10 ' 10 10' 10 10 

Series of Tosses . 



d. On whicti series did 
. he. have the most ' 

tails? J^dSti^ i^ 

e. - Did the number of 

heads equat-the 
number of tails on^ny 
• one series'?. y^puO^ y 



.ERIC 



7? 



•82 



-1 



2. Nine other boys in Jim's class did the experiment, too. Their results for 
50 tosses were:^ • ' , ' 



Bill 35. heads 15 'taHs 

Bob 19 heads 31 tails, 

Scott 18 heads 32 tails 

Tom 30 heads- 20 tails 

Doug 21 heads 29 tails 



Andy 20 heads 30 fails 

Chuck 27 heads 23 tails 

John 17 heads 33 tails 

Perry 23 heads 27 tails 



Make a bar graph to^-show the'nuip.ber of heads these ten boys tSssed. Use 
the scale on the left. /\^ake another graph of the total number of heads in 
500 tosses. ■ Use tl\e scale on the right. . , 
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Cldss 
Total 



Boys Who Tossed a Coin* , 

. . _ 78 - g3 



34 




2. fContinued) . . : . . 

i Who are the boys whB tossed more heads than tails?. ; 

. b/ Who tossed the slnalfest number of heads?- ^/6c^ 
*:Who tossed the largest number^f tails? ' . y^^l/j^ ■ 
Isthis^surprising? . ,-v?i> Why? 'f^^iL^^ 



c. Which boy/do you think,nnight have been most surprised by the 
« rdsuJts, he had in 50 tosses of the coin? - 



\ 



Why? 

d. -Each of theten boys4pssedacoin 50 times; This makes a total of 

::^00 tos&es. How^many of these tosses-were heads ? S(. 

1JI - ° . . - ' *^ — »^-^ 

Without counting, how many of these tosses were tails? /■ 

^ ' ' , ' : y — 

e. ^ Hpw many, boys tossed more than 25. heads? 



f.. Draw a horizdntal line acro'ss.the graph so thatabout as many of the - 



boys 



have results above th 



thjle line j 
* rin|b intersect the left edgejof°the°c 



bejow. At what numbpr does this 
raph?- ' • 



At what aumber does this (jne intersect the graph .of theclkss'tptaft- 
•/ . Is this about the same as the number of heads the boys 
/tossed in; 500 1 tosses? "g^. ^ j^^Xa^^^:^ ^ 



Z ■ ;4 



-h. Wpuldjyou r^l/her tell how many.hQadyybu expect in 10 tosses of 
. f ^coinforiin 500 tosses of a coin? ] - "V ' ' - tos'ses. 

\, ..' 5 /^c^-r ^/JU-AC^t^ TTc 



3;. Belaw is a Bar gr^h of the .results some girls 
• found in-using thelpinner at the right. You can 
rM it in the same way you do other iDar graphs. ' 
took at it carefully, and,you willsee how tq do 
this. Usg^it to answer a through h. 

Number of Blues in^O Spins 




a. 
b. 
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Number of Blues in, 200 S4)ins 



Who had the smallest num'ber of blues in 50 spjns? 
Who had the largest, number of blues in 50 spins?! ' rZ/vo . ; 
HowmanyredS did Betty get in 50 spins? ' , 

Whicir of these fractions tells'about how much of the dial is blue? 

2' 4 / -4 \ " ! , 

Did any girl get ''25 or more blues?. /u> - • ' \. 

How many times in all was the spinnec spun by the girls? J7'(^''' 
How many of these spins ended on blue? ^ ^'Is tfiis about 



the number of blues you would expect on 200 spins? X/c 



\- 



,h. Would you rather guess the number of blues on- 20^ spins or fn 
' 200 spins? ■ j(tC spins. Jl' ^ * ' 



80 



=85 



4. HjBre are some more spinners and graphs. 
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o o 

20 



10 
0 



Graph A 



I 175 
150 



S 'I 125 



CD- 
CO 



3 .i 



100 
75 
50 

^ 25 
0 



Qraph B 



450 



. "J ^ 375 
• J'i-300 
- 2- S 225 
^ ° 150 
I I -7-5 



0 



Graph -C 



700 



/ 500 
Y '^ ° o 400 
\ 'M § 300 

J f :c' 200 
^-^ 100 
0 



Graph D 



•I 



Graph /A was prbbabfy made by usini data from spinner J'-^ ^ . ' 
Graph was probab /'made by usinb data from.spinner >^ 



.81 8.6 



\\ ' *^4. (Continued) 

c Graph was probably made by using data from spinner ^ 



. / 



d. Graph D wa^ probably made by "using data from spinner J / 

e. \ Which spihner would.yoifohoose if you wanted to be most likely 
s of getting blue? ^ • " 



f. O^T^ich spinner is red more^ likely than blue? ■ ^ . " 

g. ^ One o! the spinners is spun ip^<)00 times. - Blue was the result 
■ 3,300 times. Which spinner would you expect was used? • 

h. ^ Spinner 2 is^spun 1,000 tim.es. Draw a bar graph to show' . 



the number of bluest; 
you would expect. 



250 
I g 200 
g - 150 
^ i 100 
I.E 50 



0 




I Spinner 3- is spu-n l^CjOO Wmes. Draw a W grapl" to showthe 
* number of reds - ' ^' .500' 



you would expect. 



ti- 
le 



7. 
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LESSON 6 

Using Numbers to Express ProbaMlity 
•4 : . 



Introduction . 



Up -tc? this point pupils have gathered data from a" variety of activities and 
'have learned to suigrfiarize it in tables and toy^^resent it visually through the 
construction of graphs. The probability 03^-ehance of various results' has been 
discussed infonpally on the basfs of intuition and hunches. The graphs and 
charts provide a systematic vay of organizing data so that they can be studied 
^and analyzed to discover relationships and patterns. Tl^ese relationsh;.ps and 
patterns enable us to formulate hypotheses and to" draw various conclusions- 

' This lesson begins vitja a reviev of tjie informal id^as pupils have gained' 

Trom^.previpus lessons. Pu^pils are then guided to compare the 'results of dif- 

ferent activities; to identify those,, activities which produce like results and - 

those which produce unlike » results; and to discover th? causes ^Ai±ch may underlie'' 

their likenesses' arid .diffejj^ces . As a natural outgrowth of these comparisons, 

pupils are intrpduced to 'the use of rational numbers as measures ^f chance and 

then to the use pf number sentences to express probability. \ \ ' , / y 

" . ' ' * / ' 

Trfe Suggested Proce'tore* outlines" a logical sequence for developing the con- 
♦ • ^ * X 

cepts in this lessen. You may choose to condense or extend the lesson to 'pro-" 

vide the. pacing best suited to your pupils 

Vocabulary : Probability^ -number sentence, express,' mathematician: 

' ' ' ^" ' ' ^ - ' 1 ' ^ \ ^ ^ ' ' 

Materials ; (l) /JHarts and gra|)hs from* Act ivi^es Ir-lO^/ 



(2) . Splnn^r^^^t^^ 



" (3);': Spinne|j.^(| r4^^^^ 
^ '\ ' ' ('^V' 'Spinn^^'f (i rea>; E bjitfe/^^ yel^w). 
'a • (5j "Cplor^'cub'^^'^^V'^bea^^ I'y^low). 



Suggested Procedure :^ \ ^ f ^ • - ^ 

Begin \)y having pupils recall the ideas developed during discussion 'of ex- 
perimental aptivities. (Have charts and graphs available Ideas to *be recalled 
would include , / ' 

1. ^ Many events are uncertain. ' ^ 

Two events may or may not be .equally likely • 

We can never be certain of the exact outcome of' chance events. - 



•2. 
3. 



There may be a pattern large numbers of chance ' events ; This, 
patVern can. help us "^estimate wh^t is*^ likely to happen if *the' ^v^nts 
are 'repeated. • ^ 



0 . 



5. We can use experimental activities to check our estimates about 



':dhance events , 



1 1 ' 

Show the spinner with dial - red and# ^ blue. Ask questions such as: 

# ' * • 1 ' 1. 

What part of the 'dial^ is red? Blue? (^) * If 

^ , of the dial JILs red and ^ is bl^e,- is there one , 

chance in« two "of getting red? (Yes.) Of getting 

blue? -(Yes.) ^ 

' *How could we change the dial so, there would be a better 



chance of getting red? (Make more of the dial i^d.) 

What will h,apt)en to the chance of getting blue if we 
ittcr.ease. th^nsharice of . get^ting jre^ (Chance .of 



g|tting 
spinner 



Show thi 
to show that [there is 
getting -blue . Also : 



blue will be L 



ess . ) 



with dial 



red and 



blueU. Ask questions as before 



1 chance in, . h 



1 



getting/rej'd and) 3 chances in ^ - of 

- f 

uld you choose if you ' 



Which of these spinners* wo 

wanted ^to get 'blue on one! spin; (The- one with the* 

■ largest blue area . ) ' . ' . " ' ' i 

• / - ■ 

V/hich of the^e spinners would yom choose if yo^ hbped 



to get'ab^Utl ,50 rejds in 100 ^pihs? (The fir^t 



one--the olfe^ith equai Amounts of red an'd blue.), 



^ - ' Show the 'spinner with dial. ^ red, i blue/ ' and ^ yellow, and discuss 

similarities' ank differences among the three spinners. Bring out that there is 
- « 1 chanp^'in 3 of getting 'red, 1 chance in 3 of getting blue, and 1 
chance in 3 of get'ting yellow. 

\ ^ Summarize hy helping children see,_for example) that if of the .dial is. red 

;• meafas 1 chanpe in 2, then 1, chance in 2 - means 
. Carry them through the' same idea with the spinner with dial 
. and the spinner with dial ^ 'red, i tlu^, and - yellow. 

c ^ 

^- ^.^ Lead them to generalize that 1 chance in 2 of getting red means that 
the chance of red is | and that, in this "case, | of the results are likely- 
ta-te red. Allow" sufficient discussion to develop understanding of this poncept. 



of the dial is red^ , 
1 - - 3 



red and 



*blue 



rThen ^sk such questions as; 

'»If a spinner dial is 



2 V. 1 ^ 

^ l)lue and ^ red, ,vhat 

is the chance of getting red? (|,. or 1 chance 

in 3.) 

What is the chance of getting blue? ' or 2 

chances in 3.) - 

V, ' •vj 

If f the. chance of getting red on a' spinner is/^, 
vhat part of the dial is red? ^ ' " 

What part is ngt I'ed? (^.) ^> . ^ . ' - 

" * ^ ' Then what is the chance of getting a color other than 

^ . red on 'such a spinner? or, If chances in 5.) ' 

.Continu^ until children understand the relationship between the chance of 
gettii^g ar given color and jthe fraction [of the di|l th^t is CQ-vered that-co5ior, 
Then'^^sk: 

If ^' of a dial is red, Jwhat is' the chance of 
, ^ getti^ng red? (1 out of % ox 

' k 



i ) 



) 



^ of *a dial ±^\^*'^. 



If 

getting red? 
.If 



^hat is the ohance of 



out of- 5/ ,or 



^ ) 



^ of a/diai is red, what' is the chancy/ 6f 
getting redf (5 out of 5, j or or 



Children should 'generalize tljat when -a resLlt is 
certain to happen, the chancre of that result is 




1 out of 1 *or 
of red -equals 1, 



. 1 
1^ 



1/ Thus. 



if'^tVie chance 



we know that red must 0i:jcur 

90 



\ . 




-TFT - 

and that red is the only result possible in thi^ ' 
case. ) ' ^ ^ 

Let us look at these ideas another way^ 
©■» * 

— of a* dial is^red^ then the chance of red 
is \ out of 5^ - or 

If \ of a. dial is red^ then the chance of red is 



1' out of 5» 

\ Now^ think about this. If nc^art of a'-dial is re\^ 
then what is the chance of red?. (There is iioCchance ^ 
"'^"^ of red bec^ause there is no red on the dial.) 

What number Qould we use to mean there is no chance 
of getting red? (Zero. Children should generai^^^ 
that when a result cannot occur, the chance of that 
result is zero^ or 0. Thus^ if the chance of red 
equals 0^ , we know that red cannot occul and *that 
the result^ Ved^ is impossible in this case.) 

At this pointy help chilotren, summarize these ideas. ^ The summary^ should 
include the following points in the pupils' own worda. 



r 



1 



1. We can use^ractions to compare the chan'ces of differeijt results. 

2. If some result is certain to happen^ we say the claance of that result ^ 

- ^ • ^ 

' is equal to one. ^ - . . , 

3. If some result o^annot happen/ we sajr the chance of -that result is j- 

' ^qual to zero . , I • « 1 

^ Ha^ pupils open their texts to page 38 and complete' it "as a class activi-^y. 
Discuss ^t as neces^aV and then' do pages 39> and \\ together and have the. , 
children discuss th^ir answers. 

Do not go on to Pupil page ^+2 yet, but introduce the last part of this- lesson 
in a way similar to this: , x * , ' 

From our activities and discussioAgs. we have dis- ' 
covered ^^eral ideas about chance. ^ We can us& 
'i ' numbers \o describe tlie chance that some event may 

' or may not occur .""For instance^ if an event is ; 
certain to "oceirr^the chance that it wiirt-occi^r-irs 



.equal to' 1. If an eyetit cannot occur, the chance 
that it will occur is equal to '0. And^ if >an 
event is uncertain/ the chance that it will occur 
is equal ^o s^ane fraction betveen 0 arid 1. 

MathematiciatiS'-use the* voVd probability in much the 

.saiue^^way that we have used the wcfrd chance. (Writ^ 

probability on the cMlkboard. ) . We know that we ' . 

can use a number to describe the 'chance thal^, an * 

event will' occur. .Thi? nu|iiber is called tlie^ 

probability of the ev^nt.^ Where we have sai% 

"Th^ -chance of red is equal to i"^ a mathematician 

would say^ and you may say^ "The .probability of red " 

is equal to . 

2 * 

In> mathematics we u^ a, few letters'^ nujjierals^ and 
signs to stand for, a big idea that we would otherwise 
have to use many words to. explain. (Show spinner 
vith^ - red^ - blue dial.)' If we asked^a mathe- 
jnatician -ilo describe -the-' chance 'of '>ed-pn this spinner^ 
he woul^ |mr^* "The ]6pol:iability of red is ^"y^ and he 
would.write- P(R) = |. (Write "P(R) = |" ^on the * 
.chalkboard." A^k what the '-*,R" represents.) From now" ^ 
• on we will use just the :^rst lette^j^nstfiad of 'writing 
out the name of the cJolor. 

. Here axe two cube|} one red-^nd" one white . Tf 1 place 
them in jay pocket and then pick .one without looking^ 

iiow could we describe tl^e. chance fthat i-t will be white? 
!niat it will be red? Write oi/the board^ P(W) = | 

^and, also, P(R) = | • ' 4 ' 

\ Suppose I add a blue cube sp that there are a red, a 
white, and a blue. What is the probability of picking 
a blue? (John, wj^l you write the number sentence on 
the board? [P(b) = i] A red? ' [pCR) = i] ' A white? ' 



I will add the yellow cuT?e. **Noir there are a i*ed/"a 



white, i blue, ind a yellow. h1)w could^e describe the 
cl^feiice ||, pip^gf a y^lo^.?. , Ifejy, p3.eape^lt^ It !on 





the board. {P^t) = J] A blue? [P(B) ^ ^] ♦ ' ^ 

What is the probability of picking either a red or 

2 1/ 

^ . . a white? ' [P(j or W) = -j^ = ^}/ (Here, we . want ^ - • 
• -either one of two of the four possible event/; ) 

•Wh^t is 'the probability of 'packing a green? 
, [P(G) = 0, Whenever- an event is impossible, its 
\ probability is 0.] ' , * - ^ 

What' is the probability' of pi'cking either a red, 
a white, a "felue^^ or a yellow? [P(R or W or.'B or Y) ^1 
' i ' \. Whenever an event is certaitf 'to bccur, its: probability 

4 ^ I Now we have a way* of using* numbers to express ptoba- 
>f . ' ' ' * . *" * ' . 

/- bility, Let*s complete ^upil pages k2 through kk. 

Many of you will be table, to aji^wer the Brain Teasers ' •* 

on page k^. . _ r ) 

. After the boys and .girls have completed these pages^ discuss their answers' 
On Pupil page k2) the answer ex{)ected to i:he, jast .tm. ite;iis in'-She first cpluinn 
is/ red cubis and 1 blue cube, .bat it. could be re^'pubes and 2 blufe 
-cubes, etc. • ^ -"^^ -."i ' * ' " 



1 Red y\ 




{ Red\ 


Blue\ 








\/ Bluey 




XYello^ 


5. 


\/.BIae y 



1!bok at th^e spinners. 



j^You know that * you cin- use fractions to compare ttie chances of 
. different results; ■ * - 



Complete this table." 



^ of dial red 



means 1 chance in 2 means Chance of red 



of dial blue . means / chance in 2 means 



Chance of l)lu.e 

_^ : 



means 1 chance in.^ means Chance of red 



1 

2 

J- 



^oVdial red 
^ of dial blue 

^of dial yellow means chance means Chance of yellow. 



means / chance in 3 means Chance gf blue = ^ ' 



1 

■3 



1 ' ' 

^^Qjdial red 
3 

J of dial blue 



means / chance 



means 



means J chanced 



n 4 means 



Chanpeof?ed '-^J^j^ 
Chance of blue " 



■All of ^dia I red means red js certain meant Chance of red - = / 

— \ — - , . • ' 1 \ ' • ^ . -* — 



^^j^ of dial red means ' red is impossible jneans . Chance of red =p. 



Exercises - Lesson 6: 

p,. 

1. James spins thrpointer of a spinner 100 times and gets 35jeds. 
' Wliich of the following statements is most likely to be true? 

(a) Thedial of the spinner is all red.^ " , ' • • •. 
- (W.The dialofthe spinner is one-half biftl. 

f * 

>- .(c) the dial of-the spinner is one-eighth red. 



. fid)) The dial of the spianer is one-third red. 



2. Mary spins the potnter of a spinner 100 times and #s 25 red, 25 . 
.blue, and 50" yellow. Which of the followyg statements cannot -be true? 

-— (a) Thedialofthespinne'r isbne-fourthyellow. ... ' ■ 

(b) The dial of the s(>inner is one-third, green. . : 

(c) The/bial of the spinner is one-fourth blue. 
^ MdUThe dial of the spinner is all red. 

3. .'a spinner'has a dialthat is one-third red, one-half wWte, and one-sixth 
blue. Which of the following ca0not result from exactly -100 spins?" . 
(a) 3.0 reds, 50 whites and 20 blu6s. ' | ^ • . 
"(b{'4D reds; -40 whites and 20 blues.. " ; , , - 
@S0 reds, 5 whites and- 10 blues. - • , # ' , ^ 

(^.60 reds,^ 4cl whites and' 0 blljes. [\ . ' 



4. You wish to get exactly 5 reds and 5 blue^ln; 15 spins.' Which of jhe* 
following dials, could n^give this result? • : * ' . 

One-half red and one-half blij^e. ' • ' 
.(b) One-third red, one-thifd'blue and one-third yelloj^/, - V ' 

(c) One-fourth red, one-fourtli' Wrue and ofie-haJf yellpjj/. ^ 

(d) One-fifth red, two-liff hs blue and two-f jft.bs yellpw. / , |Si y. 

5. In-which of the following statements jstlie chance of rei€qua^i^\ 
(a) One chance in two.pf red. . * ' ,.'.>'? / V 



(bV Two ^h2(hees in .four of reel. ^ \ - 
(c) 'One chance ^n five.of red. " -'^ 
ndnXwo chances in eight of red:. , . - . , ^ 



,6. ' Which of the following spinners is Jikely to. give about-.the same riimber 
Of reds and yellQws? '' °^ - ' - - , ^. 

'N(a) One-half red, one-fourth ygllow, one-fourth bfije.-i 
(b) One-third red, two-thirds yellow.* - . ' v 
" r^d)0n6-third red, orjJ-third yelldw, . cy^^-thirb^bfLJe. • f ; ; • ' 
(d) Four-fifths yellow; lone-fifth red. 



7 




. . If tfie dial of a spinner is all red, w&say the chance of red is 'eduaLtOi ' 



- (a) any other chance. 
' I (b) one chance in two.'' 

(c) one-half. ' ' . ' " , 

(d) j one. ' "*. . " • 



, 8. If the dial of a spinner is all blufe, we ^ay the chance of red is eq^ial to: 
• (a) one. . * ' . . 



.(^zero. y . • 
• (c)' one chance in one. 
(d) one-half. 



! 



^. The dial of a spinqerj? one-third red, one-thjfd yellow, and one-third'^ 
blue. Which of the followipg statelf(ents are true? . • . 
((ai 'Re'dl yellow, and blue are equally likely to occur. 
( (b) The chance of getting red is equal to o. * 

(c) One spin must result in either red or yellow or blue.^ . ' 

^^^^ - . . ' • ' 

(d) ' The chance of getting green Js equal to zero, j ' * 

10. ■ If the chance of red on a spinner is equahto zero, which Of the following. 
, ^ ' statements could be true-? ' , • / - ' \ /; 
(a) The diql is a 1 1 red. ' . . - 

clbl/ The dial is all blue. • . - ■ 

,X (c)/ The dial has at least two colors. • ' r 

C(d)/The dial has at least three colors. ,' ,< . , • 



11.' Cdmplete this table.- 



• ■ I 



y 



All of dial red 
None oif dial red" 

1 " " 

2 of dial red. 

^ of. dial blue 



means red is certain 
means , red is impbssibie ' means 



means Chancedf red = 1 



means - Pf-R) = 1- 



Chance of red ="5 . " ; ' means ' P(R) = ,0 



mean$:i 



1 ^chance in 2 of red 



/ chance in 2 of Wue 



Ch.aQce of red = 



means 



Chance of blue = 



P(Ry = 



> means 



^6f 4ial red 
3 



1 chance in ,^of 



red 



-> means 



^of dial blue- 

^ of dial red 1 
.| of dial blue 
^of dial, yellow 



chances in r of blue 
> 

/ chance in 3 of red' ^ 



means- 



Chance of red = 7 
- 4 



• P(B) = ^ 



P(R) =• \ 



J/ 



Chance of blue = /y 
Chance of red = ' 



> means { 1 chance in J* of bl'ue . }► means ( Chance of blue 

Chance of ye I low 

' Chance of red 



A red cubes ' 
^ .and • 
/ blue cube ^ 



/ chance in _£ ot yellow 



' 2 chances ir^ 3 of redAt- 



> means < 



means< 



chance in, ^ qf blue^ j 



1 



■ Chance of blue = ^ 

' .• . .3 




12. A spinner has a. dial which is evenly ^.ivjded Ifito- red, white, and.blue 
spaces. Write a number sentence describes the ciiance of gettiny ' 
* blue. '/^^^ A - K'fe 



■4} 

i 



13. Write a nun^ber sentence that answers the questi9n, "What is the 
.probability of yellow orfihe spinner in Problem 12 ?" y^^/J - 

14. In Problem 12, P(R) = . . ^ * ' 

' ~ . l 

15. Write this pi>mber sentence (abojjt Probl-em 12) in words: P(W)=|-./ 

16. A bag contains several. marbles. Some are red, some white, and the cest 
" . • ■ ^ ■ • - • 1 

blue. If you pjck one marble without looking, the probability of red is- j 

and the prob^lity of white is' |. What is the probability of bfue? 



17.' A bag contains one red marble, two white marbles, and threje.blue' 
marbles.^ If you pick one marble without Iboking, what is the probability 
that the marble will ^ red? . ; - • ' / 

,18. in Problem 17 , what is the probability that the m#ble>ill be , 
white? yj' ^ " * • • 

19 In ' Problem 17 , what is the protiabiMty that the marbfe wiil te * 

• blue? . ' r y ' ' ' ' 

20. In Problem 17, how many white marbles must be added to the bag.' 
, , . , to make the probability of white equaJ to. | ? ...v^.^,. ,. • . - ; 

21. Writethe following number sentence in symbols: '^The probability of . 
' yetldwls equal to three-fourths^." /Tx^ -^V ^^ 
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22. A wooden cutie has a dot on two of its faces. If it is tossed on the floor, 
. Iwhat is the°prolDability that a face with a dot on it will be on the bottom 
" when it stops rolling? ' 



23. In Problem '22, what is the probability that a fac;e wllthput.a dot will be 
-on the bottom? ^ ^ ^ 



24. The dial of a spinner IS divided into three colors: red, white, and blue. 



If P(R) = | arid P{W) = |; what is the prot)abiiity of blue? 



1 



0 o 



in .Problem 24, is. the probability of red greater than, les^than, or 
^equal to the probability of blue? <?^-^z^c:<^^ ,7^^^ 



0. The diai of this spinner is divided°i/i.to. 10 equal regions 



26. P (3) = 
•27. P(10) = 



'/o 



28. Is P{4) = P{8) ?- 


















.3\/^^ 

— 





T^i^idiai of this spinner is divided into 6, equal regions. 
- '29. m - '■ . . / 



• 30. P(5^ = 



* 4 



er|c 
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Brain Teasers / . 

1. John has ten pairs'of socks in a drawer. Nine pairs are red and one is 
blue. If he picks the socks one at a time without looking, how mar?y 
•socks must he pick tote sure he has two sock§ of the same color ? 

2. A iDag contains several marbles. Some, are r:ed, some white, and the rest 
bli>e. If fhe probability of picking red is \ arid the probabiMi/ of picking 

. white is ^ , what is the prolDability of picking blue? > 



3. . In Braift Teaser 2, what is the smallest number of marbles that could ' 



c 



^ be tin the bag? 



4. In^ Brai/i Teaser 2,. could the bag contain .48 marbles ? r^^ :- • 

5, In Brain Teaser 2, if'the bag conjains 4 red marbles and "8 white 
. marbles, how many blue marbles does it contain? . • ' ' . 



^ ^LESSON 7 
Complement ar;^ Eventg 



Introduction. 



f ^ ^Pupils first make a simple list of all the possible outcomes of a series of 
'chance events.^ From this, pfoBahilities ^e determined and then complementary 
events are introduced in an informal vay jbhrough 1;he use of -nimber sentences. ^ 

^ ^^The suggested procedure follows ^ logical sequence and offer's many- oppor- 
tunities -for practic^ in'^he) development of nuniber sentences as velf as the 
addition and subtraction of Qoirnnon fractions. These opportunities ^an be * , 

; , sliortened or extended as you wish. ' ' ' • ^ 

Vocabulaiy; Conrplementary . 
- 4 ' « 



(2). Two no^rtransparent 'bags or boxe§. 



Materials : ' (-l^)^ Colored blocks ^or- marbles (2 red/ k - blue)< 



Suggested Prpcedurfe: 



Introduce the lesson by havi^ pupils recall the following" points from 
- -^previous lessons: • • ^ ' . - ^ - ' 

1. Rat^nal num'bers. and number sentences are used to express ' 
•'-'r^ , prq^babiltties and statements about -J^hem. * . / 

2. An event that' Is certain to occur has a probabifity of 1. This 

\ ' ' ' r ' \ ' ^ ^ 

*• cah be wrjLtteh- P(th;fe event) = 1^. * 

^ 3* An fevent which cannot occur has ^ probability of* 0. This^ca^ be 
I ' ^written, P(the event) = 0.' *^ . -* . . * 



4. No Bvent can have a probability greater thah 1 or. less tjian 0. 

, 5^ i<Any event which may or may not occur, depending ^n' chance, has a , * 

I . , ' ' ^ * . " < \ ' 

. J probability which can be expressed as a fraction between 0- and 1. ' . 

Allow sU'fficierit di'scussion to clarify these^ f ive ideas 1 U§e questions 'arid ^. 
illustrative materials as necessary. * • . * ' . - . ' 



^V^en siio^ that^you* ho^.e two bags. Put' one red -■bloeVand one, ^lue block in 
each »bagl^. -Call one the fp.rst bag and the.;o$her' the second bag. Ask the clasg 
to. think about an experiment ^ in which we resiove two blocks^ one from 'the firstT 
"bag and then one from- ^he second bag/^ Ask? 

How many blocks are- in the first bag? (2.) And 
' whafarS their colors? ^On^ fed/ one blue.) 

_ ^ ^ • ^ • ' ) ' * ' * 

- H^w, ihjany blocks are in t^e ^ecorid ba^J * (2.) And 

^ t-what^re their colours? (One red^ on^ bluel) 

If we remove one block from the first bag_, what 
' ' ^ color cd,n it be? ^ (Either red or blue,)' ^ ^ . i 

Wow if we remove one block from the second bag^ what ^ 
*^ color can it bef (Either red or blue.) , ^ « 

• ^ ' Let's list the'.possible outcomes .i, (List on-^^^fehe 

board') : , . . - 

• - . 

- ' " ^ yhe Possible . Outcomes - • , 



, 1*.' Red Red 

2 . Red Blue 

3. Blue Red 
*k. Blue Blue 



I Have childi;ex> look at the .list to see that each outcome includes two v 
• * • . \ 

blocker gne'from the first bag. and one froiH the second bag ^and'-that there are 
k outcomes- in all. (Red-Red; Red-Blue; Blue-Red; Blue-Blue.) 



How many of these f6ur.po;5sible outcomes include 

two re^ds? (l.). What is the probability that' botjl 

1 

blocks will be red? (t-.) 

' ' ■ ! ■■' 

How many of the- outcomes include a red/firist and a 
blue second? (l.) What Is the problabilitjr ipfat 

the first block will be' red and the sec6nk'.blue? (.i.) 

. "... ^ ' . ^ k 

What is the probability that the first blocl^'^^JJ^^b'e* / 

blue and thej second red?- -(-jj;*) ' ^ ' 



6f " 



"What is the 
.blue?, (|.) 



probaljiljity that both blocks will be 



, / 



^ Think carefully* about this* What is the probability 

^ that one blojck will be red and *he otfieivTxLu^? (t- 

1 . * ' - i * ' 

qr since "t^wo-'of the f 01^51 possible- out comes con- 

sist of « one red and one blue block.) ' 

What is the probability that one^ of the blocks will 
' be^reen? (Zejro, sdnce neither bag contains a green 
block.) ' - - — - , - 



V 



(List these probabilities on "the chalkboard.) 

- ' ■ ■•'p'(RR) =% ; P(G) = 0 ' ' ■ ^ 

. , P(^) =1 ' , ' P(I^ or BR) = I ' 

.. ■'. • ' ' ^ , 

P(BR) =1 .• " p(RR or RB or BR or B^) = 1 

* I 

p(bb) - t * - 



Call attention to the facj that you have added a- new probability'. , the probability 
of getting either ^t wo reds, one red and one blue, .or two blues. Since this event 
includes all the possible outcomes, it is certain to happen. What is the prob^ 
aljility in this case? (l.) > 



Think' about these events, in another 'way. We know 

that the 'probability of getting two'^'Yed blocks is 
1 > ' ' * ' 

•J-. ^What is the probability of not getting two red 
blocks'? ^since three of -the'four possible 

outcomes do not include' two )chdl blocks,,. ^ i 

Whatr i§ the j)robability of not g etting a red first 
and a •blue second? 'i^^) 

What is the probability not getting a blue first 



] and a'jred second? i 



What is 'the probability of not getting two blues?'" (-jr.) 

Wia€ is the-*probability,of not getting one of each 
color? (i.) \ . ' " . ' m 

* ^ What is -^he probability that we wonH ^et'^wo' reds or • 
two blue^ or one ot each? (O, "Because we have to / *• ' 
^ ^ . . get something. ) ^ , 



- • : ^ : ' • • ^ ■ 

.''l^hat is , the 'probability of not getting a green ^ , 

blocK? (],. , Since there are no green ^blocks we 
can be certain we will* not get a green one.) 

List on the boar.d the probability ^that an event will not occur along with 
the probability that the same event vill occur. ^ - , » 



P(*ER) = ^ P(Not RR) ^ ' ' ' ^' 

P(RB) - J . P(Not 'RB) = ^ - ^ , ^ . 



P(BR) = J P(Not BR) ^ "I ^ . ' 

P(BB)^-J P(NotBB)=^^ . ' ^ 



^ P(gT - 0*- P(Not G) ^= 1 ^ 

■ . P(I^ or BR) = I P(jfot RB and Not BR) = | 

Point out that in the first Voluinn ^we have the, probability that an event 
>n.ll occur - and iu the second column the probability that it will not occi;r . Ask 
what would happ^ if we find the sum of the two probabitLities for each event. 
% (The sum is 1 in* each case.) 

'"^^ ' Since each event must either occifr or not occur^ 



f is it reasonable* that the probability that it 

will occur- plus the probability that it will rioit - 

. ^ ' , 

occur should be equal to one? (Yes^ because one 

. ; ' ^ or the other is 'certain to happen anol when som^- 

• • ' thing is certain to hdppen its probability is 1, ) 

(List on chalkboard.) ' - . ' ' ' 

■ \ ^ . P(RR) + P(Not RR) = 1 

P(iffi) + P(Not KB) = ,1 
r . " 

^ ^ , P(BR) + P(Not ■BR).= 1 

P(BB) + P(Not BB)' = 1 

- - • P(g)^+ P(Not G) = 1 

P(RB or BRr+ ?(Not RB and Not BR) '=1 ' ' 
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The- st^t^ents are true "because we are talking 

.' about ^mplementary events ♦ Complementary events 

are opposites of each other;* one of them must ' • 

/ ^ * • 

happen, hut both cannot happen at the same time* 

To^be compiemerTpary \ two events must include all 

uhe possible Outcomes Therefore, the sum 'of tfieir 

probabilities^ is always 1* " . 



'--f ExpiJ^y that every event has a complement. For example, eating lu^ch 
♦today and not eating lunch today are contplementary, events . . One of thejn must 
happen but both cannot happen *today . Ask the children to think of otfee}?* and 
allow tj^e for discussion and clarification of this concept. 

Let us now look at these statements in' another way/ 
' If P(ER) + P(Not m) = 1, then how would we 
complete these statements? 



(W^ite on chalkboard.) 

\ ■ : 



1 - P(ER) 



Lead pupils to see that 1 - = P'(Not RE) and 

examples , su9h,as ^ + ^=1; therefore,' 



1 - I 

2 -2 



1 - P,(Not RR) = P(RR). Use 
^tc. ' • 



Help mQ list the mathematical sentences that 



us^ tliis idea. 



List on the chalkboard and have pupils ^at^ the last. term f or^ each §en- 
tence before you write it. ' 

: 1 - P(RR) = P(Not m) and 1 - P(NOt RR) = P(RR)* " / 

• • 1 -PCRB) = P(|lot RB) and , 1 - P^Not RB) = P(RB) 

1 - P(BR) '= PCNot BR) and 1 - P(Not BR) = P(BR) 

• i ^ -1 - P{BB) = P(Not BB) and ^ -' P(.][^Qt 'bb)- = P(BB)' 

- P(G) = P(Not G) iand 1 - P(Na\' g') '= P(G>- 



r 



Test some 'of these statements by using tKe correct nujnbers for the probabilities 

and seeing if the statements, are true. Have pupils gi1re* correct humbers as' you 

•1 ^ 

rewrite statements. For instance, 1 - P(RR) = P(Not RR) becomes 1 - ]j: ^-^^ 



Continue until the^idea is clearly established. 
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Pupil pages ho and A-7 : These two pages- giv.e pupils an opportupity to / check 

their understanding of coifiplementary e^fents • Queationfe 9^ and 10 jhelp 
children realize that here one outcorhe is not affected "by another outcome — 
what John picks- does not influence ^vhat Paul p'ickj^^ ar^ B^ul^s pick ^es 
'.not depend upon vhat John pipks. .* .* ^ * 's ^ 

Pupil page ^8 ; Fo^r , further activities^ yoCi may want to use the spinner on this 

.;page^ for example^ and ask questions abou}: the probability that an outcome 

will \xe ohd or'^ven, < if' or > etc. Other spinners" could "bemused • 
for this same purpose. ' , . - - 



r 



\ 



9'' 




Exercises - Lesson 7. 



' John and Paul each h"^ve- one white a nel one green marble, John picks 
one-of his marbles without looking and then Paul picks one of his-.^he four 
•possible outcomes are listed in the table below. Complete the faBFelDn fheV ' 
right to show the outcomes in ^shorter way. ■ ^ - ^'4^ 





John^s 
Marble 


Paul's ■ 
.Marble ' 


4 , 


. John's 
Marble 


Paul's 
Marble 


1. 


White 


White 


1. 


^W 


w' . 


2. 


White 


Gr'een 


2. 


V W 




i 


, ^reen 


White . 


3. 


• G - 




4. 


'.Green 


Green 


4. 







1. What Is the probabil 
2.,, Wh'at is the probabil 
3: T/Vhat is thp^. probabil 

4. What is the probabil 

5. Whatlstheprobabfl 
^^^^^ color? ' '/z. 



ity that John piclcis" a white, marble? yz^ - 
ty that Paul picks a white marble? y/£_ 
ty that both boys pick white marbles? ' 
ty that both boys pick green marbles? y 



ty that the boy/p^ick a marble of the same 



09 



a. - - P(WW) = '/ ^ • ; P(Not WW)' = ^/^ . 

b. P(WG) = ; ' P(Not WG) = '^^^ / 

c. ■ P{GW) = 'V$ff^ ; P(Not GW) = ^/ . 
tf. " B(GG) = • // ; P(NotGGV = . 
e. P(WG' or GW) = . T P^Not Wg and Not GW) = 

a! P(GG) + P(WW)* = . \ .+ 2_'= > ■ 

b. P{GW) + PIWGl = ^ + j£ = .../^^ • 

c. P(WW) + P(Not WW) '^"^ /jL^ ' / ' 

a. Ifp'ohn-picks alvhite niarbie. what'is the probabmtyiha|^Paul 

b. ■ Does John's outcome have any effect on Paul's outcome? 

» 



a. If Johnl)icks a green- marble;' what is the probability that.'Pau I . 
also picks a green m^ble? ^ 

b. Does Paul's pick depend on what "John picks? ' 

What is the prolwbiiity.that Paul will not pick a marble of the-^ame 
color as John's ? Yz^ - 



' A bag contains thre,e marbles, ^one red, one white'''and one blue; 
Imagine that you choose one marble without looking. ^ 

.ll. P(R)= . - ^ 



12. P(RorW) = 



B. P(NotB)= 



V 



14.' 1 - P(R).= 



M5, P(R) + P(W) + P(B) = 



\ 



The dial ofthls spinner is dividea into six equal regions. 



16. P(3) - ^/C 



17.'p{Not3)= ^ 



18. P{5or 6)= 



•19. P.(l or 3 or 4 or 5 or 6) 
20.P(2(^ ^ 




2a.-Arethe. events in Problems 19 and 20 com|>lementary events?^ 

22. 1 - p(3) - . , \ ': ^ ' 



23; •l-PtNb^3) = i^^_.; ' 
v2C P(3) + P(Not 3) =/!___ 



Cou;ating Outcomes 



Introduction . ' , ^ 

In this lesson^ pupils i*ind probabilities by, using simple "trees" and . 
tables 'to coun^ outcomes. Some pupil^ will learn that^the probability of an 

" outcome can be determined by finding the product of the probabilities of simple 
events* For exailple^ consider the example in the previous lesson of two bags ^ 
each* of which contains a red block and a blue block. It we pick a block from 
each;iag^ the four possible outcomes^ with, the block from the, first bag listed 

/'fiirst; are RR^ RB^ BR^ and they are all equally likely. So, by counting, 

the probability of getting a red from the first bag and a red from the second 

n *5 - 1 

bag is The probability of getting^ a red from the first bag is ^ -and the' 

probability of getting a red. from the^ second b^g is 'i. The probability of 

1 * 

getting a^red from both bags is which is the ^product of the probabilities 

for the separate -bags . " . 

^ ' * * ^ * ' , • 

For a ^single bag, there are two equally likely eventalf For* two bags, there 
are 2x2, or \y equally likely jsvents. To find the total numbef of outcomes 
:f&r t^ bags, we. multiply the niynbea: of events for the, first bag by the number 

mlltiply the pro'&efcSLity , 



of* events for the secenc&^bag 

X To, find the- probability of one of these outcomes, we 
for the first bag by the pr6ba:'6ility for the second bag.-/pr instance, the prob- 
.ability, of red- from th^irst bag is | and the probability of blue from the 
secoM bag is Therefore, the probability of. the outcc^e red-blu^is equal 



to 



2^2^ 



or 



1 



Vocabulary; Tree-, table, row, column. 



Maferials: 
— p 



(1) Colored blocks ,of ^marbles (3 ^reffj 3 blue) 

(2) 3 non-transparent bagp or boxes- ♦ 



io6 




/ 



y^uggested PyOcedure ; 



Show 



tiie two bags from the. previous lessop and place one, red tlock an/C^ne 
blue block in each bag. Call one ^e. first feag anfl'the other, the second l5ag an^ 



ask questions for a rapid review: 



d review: What is'^he probability of picking a red 
block from the first bag? ti^ ) Prom thg second bag? (J.) 'what 'is the'pt^).- - 
'aljility of picking a blue one from the first bag? (i.) Prom the second blg?.(i 



0 



What is the probability that^ Vftlfi'ljlocWk vilj. l:je"red? i 



Suggest making a "tree" to show t 

are two jJossibLe. events from the first 

* / • 

possibY events f rpm* the second bag. 

comes 
Wri 



Ae ^possible outcomes, for instance, ^t he re 
ba^g and for each of these there are two^ 

possible out- 



/ 



So there are 2* 2, or 
all. Help pupils grasp this lidea as you draw .the tree, on the board, 
the Red and Bl^e under First 5ag and'then *di^aw. the lines to 'the' i:ight, as 



shown, an^L write Red, 'Blue, Red, Blue under Second B^g: 



Firs;fe Bag 



Red 



Blue 




'I 

! 



-'I 



Have^pupils read the possible outcomes from the tree, going from left to I'ight ^ 
and top to bottom. (Red-Red, <Red-Biue, Blue-Red^ Blue-Blue.)" You may want to 
use only the letters R and B on the 'tree. 

Of the k possible outcomes, how many incliUde'^C^ 
red^block from.e^ch bag? (1.) Then what' is the 
. '-^ probability of gettihg a red block from each bag? {^.) 

State that ^(jhretimes actable is used to help fJLnd the possible outcomes. 
Show on the chalkboard': ' . i ' 



Second Bag 



If 



First Bag 





Red 


Blue ■ 


Red , 






Blu^ 







If the pupils have. had no^ experience *with 
tables,. ^explain that tiie left sidfe sh'bws 
the color of t'lie blocks taken from ime^ 
first bag and. that color will be indicated ' 
first in its row.' 



I < 
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Second Bag 







Red 


Blue . 


First Bag ^ 


Red 


R 


R 


Bl^e 


B 


B 






Second Bag 


•f, f ^ if <■ 




Red' 


Blue • 




"Red'; i« 


1 RR 


RB . 


First Bag 


Blue , 


|- BR- 


i BB- ■ ' - 



The. top of the table shows the color 
from the second bag, so that color- is 
written secopd in the column below its. 
name ♦ 

% ' if 
f 

Show that the possible outcomes are all 
give"n as in the trees, RR, RB, BR, Bfi*. 
The table, like the tree, is r^ad f i^om * 
lef 1r te -^'ght and top to bottom. 



For some -classes you may want tb - continue: 
a 

Think about this • The probability of getting red 

1 

fxqjSL the first bag is - and the probability of 

1 >'-^\ 

getting red from the iSecond bag is — • prob- 

\1 

ability of getting red from both bags :]^s^ ^. There 
are two possible events from eadh of the two bags 
so we find the total numbei* ^f rom both bags com- < 
bined by multiplying: 2X2* Could this same idea 
help us ta^find the probability of- each outcome wheQ 
we pick "a marble from both bags? (Yes, ' if^^ems to.. 



this 



" • Pupils who have had multiplication of -common fractions will see 
Teacher judgment will determine how this will be treated and the decree <i)f em- 
pha^fe to be given to it . ' ^ ^ ^ { 

In simple situation^, probabilities can be determined by making^ a| list of 
all possible outcor^es and- then counting to find the ^^ractions "^lat expjress them. 
However^ when .the number of outcomes is l^rge^', as it frequently is, ' li|ating 'and 
counting become impractical ^ / 



Introduce a third bag containing one red and OQ^e blue Mock. Hav^ pupils 
state, the outcomes for the three bags as you list them on the cha^board. T^i^ 
.•«HL11 be^an extension- of the^tree for tiro bags. To each of tfie outcomes for^wo 
bags^you .now add a. .red and a blue bloek from the tl^ird bag.^' There ar.e' then \^ 
2X2 .X-2, or '8, outcomes for 3 bags, compared with 2X2,, of out- 
comes for 2 bags . « - ' ^ . ^ : ' 



' On the board shoV puptljs how to make a table, for this. Remind them that'^" 
they already have a table for two bags so' it can bp used in li^dLng a new tal^e 
fojr 3\ bags . , . ' 



Second Bag 



'First > Bag 





Red 


Blue 


Red 


" RR 


,RB • 


Blue 


BR 


BB 



/ 



§ 

o 
-p 

CQ 

u 

•H 



Third Bag' 





Red ' 


Blue 


RR 


■RRR 


RRB 


•RB 


RBR- 


RBB 


BR 


BRR. 


'BRB 


BB 


■'BBR- 


BBB 



First, put the outcomes 'from the two bags in the first column of the. new table. 
"List Vhem in order as you^reaO. from l^ft to right and, top ;Jo .bottom. ^Stre^s ^ 
that following a regular order helps us to show the possible outcomes system- 
aticaMy. Have ^pupils help you fill in the rest of the *table, using letters 
for the names of the colors. ^ Help^the boy^.^ and girls read the tree and the 
table from left to right and' top to bottom to see that the 8 passible outcomes 
are RRR^ HRB, RBR/ RBB, ;BJRR, BRB,, BBR, BBB. . 



'Guide pupils to discover- i;hese points: 

* '* '. . ^ * ~ 

1. ' There are now 8 equally likely outcomes so the probability of any 

-.'-'* 1 • < • '1 ' # 

* , one 'is* ^. For example*^ P(Red-Red-Red)^ = ^. , ^ ' ' 

2. '.The probability of red for each .sej^arate bag is — - The probarbility 
, i~ of 3 reds, one from e'ach bag, is t?.. For some closes this can be 

. ' 'stated, i A l^^-^UDjber* sent'enx^, as: , * , • . 

r ' P(R,ed "f rom fijrst bag) 'X P(Red from second bag) x P(Red from \ 
• ' "\'~^fMYd-i3ag;) ='T(-Red-fied-Red). = 1^ X -i-X'^='i. 

3. Each time we ,€^dd a bag, ve do^ble^-the nun^er^bf, outcomes. For ij^tance, 
with one iag there Vere tvo outconies (^R, B); with two bags there were 
four outcomes (RR, RB, BR, BB); and, with three bags there are eight <i 
outcomes (RRR^" RRB, RBR,' "RBig, BRR, BRB, BBR, BBB). The number of ^ 
outcomes increases by^ powers of 2. The number of outcomes for- one 

"bag is 2; for two bags, 2v; \ for three bags, 2,, etc. ' For pupils 
who do not .i^nderstand exponents, this can be shown as 2 for one bag; 
2 2 for twoliags; 2 x 2 X'2 for three bags. 




Use .examples and discussi on^o _establish-t J*e^ points. Pupils should under- 
stand that* here we are int^ested in outcomes which^ include more'than one simple 
eVent; To get three red blbcks, we* must get one from each bag so we* are talking 
about three separate simp^fe events, one for each bag, and we are interested' in 
the probability that all thi^ will ocicur. Each bag doubles the number/ of out- 
^ comes.' When we increase theVumber of equ$.lly likely outcomes, we decrease the 

probability that any one out(ZDme will* occur. Some pupils will find tl/is point 
rat.her obvioUs but all pupil's -si^uld understand it, if possible. 

^» To find the probability of 2 red§ and 1 blue is harder;/ it is best 
done by counting possibilities; The blue block *cah~be dravn from the 
first bag ( so thai^ we draw blue-red- red), or from the second bag 

, ^ ^ ^ ^ ^ , '(redr'Wue-red)', or from the third (red-red'^b^ue).« We seerfrom the 

tree or the tabl% 'that each Of these sequences appears just once among 
the possible 8 sequences. Therefore, a combination of ,2 reds and 
. 1 blue can happen in 3 ways o£ the total of 8, and sol its prob- 
-ability is |. ' ^ . ^ 

<^ If the maturity and insight-^pf pupils permit, extend thei^e ideas by discus- 

sing, a situation in which the f±r§t bag contains 1 red and* 1 blue block; the 
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^econd bag, >2 retf Mocks and 1 "blue block; the third fag, 3 red blocks and 

1 blue iDlock. In the second bag the two colors are not equally likely; the \ 

■^2 ^ * 1 • N 

probability of red is - ^d the probability of J^lue *is -* * Also, in the third 

bag, the two colors, are not equally likely; the probability of red is ^ and the 
probability' of blq^e is ^. If ve draw a block from each bag^ there are 2XZ>^^ 
or 2h possible outcomes, all equally likely. The probability of drawing 3 
reds, and the probability of drawing 3 blues, can be computed by multiplying 
or by counting. By multiplying, we get: probability of 3 reds is tjie prob- 
ability of red from the first bag times the probability- of red from the second 

' ' » ^ 12'*^ 6 '1 

bag times the probability olP red from the third bag = :^ X -r- X*7^, >Dr . -or t-; 
^ ^ " IL'I 2^1^^ 4.^ 

the probability of 3 */bll5tes = g ^ 3 ^ .^^ ,25 * compute these probabil-. 

ities by counting, make use of a tree* or ^' table, as is shown below. You may 

wish to have pupils state the various combinations as you construfct the tree and 

complete a table, on the board. Thi^ should help thenl see that constructing a 

tree or building a table catj be tedious^ when there are more thaa^a fey outcomes..- 

The nlathematical computation of the probability is much faster. However/ the* 

tree and j^able have the advantage of being visual. Furthermore, to compute the' 

probability of 2 reds and, «l blue, or of 1 red'apd 2* blues, we will have , 

to use the tijee or, table ;;^ the mathematical mettipd. is too involved to be go'ne inta 

at this stage. ' ' ' , ^ 



.7 
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First Bag' 



Se^ongL Bag 



Red 



Blue 



Second Bag 



"f^irst Bag - 



# .1 


Red 


Red 


Blue 


Red. 




.RR 


RB ' 


Blue''' 


'BR' 


~ BR . 


BB^ 



w 

— a 
. o 

CO 

w 



^- ThtTd * Bag 
7~ 




Blue 





ird Bag 





Red 


■Red 


Red 


i Blue 


RR 


RRR- 


RRR 


RRR" 


RRB. 




.RRR 


RRR 


RRR*- 


- rrr: 


RB 


RBP 


RBR 


RBR 


'rbb* 


BR 


BRR 


BRR 


BRR, 


'brb ' 


BR" 


JRR 




BRR 


, *Bim 




' BB^ 


BB? 


BBR 


BBR 


BBB 



* > 
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r},/ another wjay. 



Yqu can use the two spinners pictured below to illustrate these. points lU 





^ ' . ' A ^ : B ' , ' 

Spinner A .has two outcomes* and Spinner B has two ouA:omes. The t^ 

'i 

nuiaber of outcomes^ if both are ^un once^ is , 2 X 2^ or However y col^ 



al 

ider 



/ the following probabilities: 



,P(BB) = I X I 



3- 



P(RB)%|x| = | 
P(BR) =|x^-=§ 



* This list of the probabilities * of all possible outcomes suggests' that there 
must be o^' rather than', 4^ outcomes. This results from the fact that^ while 
red*and blue are, equally ' likeXy on ^i*iner A^ they are not equally likely on 

As long 
T B^ 

However^ if we construct a tree or 



/Spinner' B. In fact^ blue is 3^ times as l:^kely as red on Spinne? B 
as we stipk to* the mathematical probabilities for Spinner- A and ^' Spinner B^ 
we can speak^^f'two dutcosaes for Spinner^ B. 



table, we mu^ think of ^piritier B ^s being divided into 4 equal parts, 3 
ed, because there are^^ 3 / "c^^^ces .o:^jDlue to 1 clj^^rice of red 
that^^pinner.. This is illustrated/.|ni the tree and^ table below. 




^S^nner B 



Spinner A 





R 


B 


B 


B 


R 


rr' 


RB 


•RB 


m 


B . 


BR' 


BB 


BB 


BB- 



Blue 
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Pupa pages : Pupils should note the sysfematl"C*"inamreT"in* which the trees 

and tables. are to be built, always working from left to' right a;id top t(^" 
bottoiri:. The probabilities are easily determined by counting outcomes. 

Pupil pages ^3-^^ : A? a fui:ther activity, pupils could, make a table which shows ^ 
the possible •products-''«>i' the numbers 6n two dice, or perhaips'^even three 
dic^, and write questions concerning the various probabilities • Spinners 



with numbered dials could also be used for this tjype of activity. Some 
pupils- might .enjoy cdntinuing Exercise 7 to include k or more coins . 



/ 



Pupil pages 56 and 57: The symbols < (less than),- > (greater than),, and 
4 (not equal) may be unfamiliar to some pupils. Spi-nners with numbered// 
dials* Qould be used in'Tiiany ways. For example, a table could, be m^de of 

quotients by using* two spinners or by spinning one spinner twice; or pla;yers 

* ' * * * ^ ' / ' > 

could agree tflat th^y will, divide ;tTie number obtained from a spin by , a given 

* - - / 

number such as 6 and' scores could be kept and tables made. The oppor- 
tunities for'^Il. kindB of dxili are almost limitl^ess/ 
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Exercises - Lesson 8. 



i 



1. cWplete,the tree diagrantahd ttie.table 

. . to show the possible oute^fflfes of two spins 

* with this spinner. , * 
■ Tree. Jy 
• First Spin^ Second *Spfl 

Red 

Red 




Seqond Spin 




First 
Sp:in 





Red 


-«Blue 


Red 













2. 



P(RR);= 

b. P(NotRR)^ 



c. p{br!-c -■ . . 

^ — ^ ' — ' 

d. ' pffeBor RR)= 



tompletcfhftre^ediagramahd.the table." Show 

all\he pSs^lble o.utcomes of the toss of a coip-and^ 

one spin oh this spinner. The dial is^divided Mo . 

'three equal regions. . . • 

Spinner 




Coin ■ <Spinner 



H 




Coin 





R 


3 


. Y 








/// 


I 






fy 




- .b. P(TB)= .^<^ 



c. PfTR) = . 
tl. P(HB) = -^V_. 
.e. P(NotHBJ = '4^i^ 



Ok. 
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122. 



50 



3. Complete this tree diagram ahdjfie table to 
shQw all the possible outcomes of two spins. 
The dial is divided into three equal regions. 



First Spin 









Second Spin 



Fjrst: 
. Spifv 







B 


Y 


R 








B 












y's 


yy 



The total , number of outcomes is _ ; 

' a. P(RB)=. , . 

• * b. P(YR) = • %. 

c. P(Not YR) = ^/f . . ' 

d. ,P(BYorRR) = /^/^ . " 
. e. P(RYor BYorYY)=. 



f. How many possible outcomes are 
. there if thi^ spinner is spun ■ 
three times? 



^C^Complete this tree diagram and the table tb show 
•. all thepossible outcomes of two spins witti this 
~spmner! The dialis divided into four equal regions. 



First Spin 



Second Spin 

r * 








Second.Spin 



First 



Spin J 



:2 



1 ' 



1,1 



1.3 



43 



4-^ 



4^1 



5,/ 



The total number of outcome? is 
a J P(3.4) = j^/^ . 

b. P(2,3 or 3.2) = - ' 

c. P(Not 4,2) = ^-^/^ . 
3! P(Not 1,2 and Not 3,2) = 



r 



e;. PfTwo odd num.bers) = 

f. .. PfNIot two Odd numbers) = -l^> 

g. PCThree odd numbers) .= ' ^ 
.V PfTwo odd numbers or two even 

numbers) = ^jt . 
i. 'P(At least one 1) = y/^ - . 

♦ 

j. P(Not ifigre than one odd number) 

k. This spihneris spun four times. 

How many possible outcomes are 
. there? ' 



5. ' domplete this tree diagram and the tables ID 

show all the possible outcomes of three spins. 

The dial is divided into three equaTregions. 

First Spin Second Spin Third Spin- 

R 



/R 










First 
Spin 



Second Spin 









Y 


R 
















Y 









Third Spin 



CO 

C 

cor 

c 
o 
o 

(/> 
c 

CO 



R 




y 


•RR 








RB 




ASS 


A^y 


/fx- 


Am 




'/^yy 


BR 








M 


ISA 




My 




£/A 


\syA 


3yy 


YR 




r/(S 


y^y 






y^^ 


y/^y 




y/A 




yy'y 



a. ..P(RBB)= /^:?- . 

b. P(YRB)= ^^7 . 0. ' 
c' PlNpt .BRB) = J9^^2rrj 
d. P(YYRH ^? :. 

eT' P{YRR or RRR) = ■^y'jz ^ 
f. The projMbility, that the 
colors will be the sajsne on , 
three spins is . . 



^2-5 



4' 



6. Complete the table to show a^Hhepossibi€ sums 6 

Number on Seeoni'Die^' - ~ - 



e {lots on two' dice; 



CO 



o 

CD 

e 



1 


1 


2 


-3 


_-4 


-5 ^ 






• 1 


3 




JT 




7 . 




' 3 










-/ - 






. 5 






."/: 


f 










-8 












• / 








6 


7 




7- 




://^ 


.12 



a. . • One way to get.a sum of *7 is to get a 1 on the first die and a 6 
' on the second die. We can write this as (1,61 . There are^five 

more ways to get a, sum of 7 . List" theiri below. 

(ii^, ISA', iii.^' • 

b. Hpw many entries are there in the table? ^ 

c. How many possible entries are there when you toss two^ice? 



d. 
e. 



Of the entrle? in the table,, how many are .6 s- ? _ 



What is the probability of getting a sum of 6_ when two dice are 
tossed? ' • . 



f. How many of the entries are odd numbers? 



~er!c 



120 



126 



g. What is the probability of getting a sunri that is an odd number ?. 

■ — ~ . , ' , - / 

h. How rnany of the sums are either 3'S 'Or 9's ? ^ 

I What rs the probability that'the sum will be either 5' or 9'? . ^ 
' j. (1) P(su'm = 3) = ^/jr (6) P(sum = 2 or sum = 12)'= ' ///^ . 

(7) P(sum = 6 or sum = 8) = _^§0£J 

(8) P(sum = 5* or sum = 9)^= . 
'(9) P(suoi if 7) • = / . 



;"(2)'P(sdm = 8)'= .4>>^ . 

(3) P(sum = 121 - . 

(4) P(sum = 2) = /y_3^ . 

(5) P(sum = 11) = V//i-. XIO) P(sum >'9) 



7. Fill in the tree diagram and the ta^le^o.showall the outcomes when 
/three coins are tossed.- Use it to answer questions a. through j . 

First Coin Second Coin Thjrd Coin 



Second Coin 







H 


T 


H 













Third (kin 



First 
and 
Seconi! 
Coins 





•H 


T 


HH 


/////^ 


////r 


HT . 




//rr 


TH 




r//r 






rrr 



3^ 



a. What is the total number of outqomes when three coins are 

tossed? f ^ . . 

b. How many of these outcomes include three .heads? / 

c. W^at is the probabMity-of getting three heads when three coins 
- are tossed? y/ ^ 

a. How many of these outcomes include two heads and one tail ? 



e. What is the probability of two heads and one tail when 
/. * ": thre^-coins are, tossed? _^/£_- 



f. What is the probability of getting three tails when three coins 
• are tossed? ^ ^ - <^ , 

g. What is the probability of getting at least one^ail when three coins 

are tossed? ^/ ^ . 

h. What is the probability that you will not get three heads or thre.e_- 



I. 



J. 



tails when you toss thred coin's? -^/^A . "v 

What.is the probability that you will get heads on the first coin?: 



(1) P(3 heads) = ^/ . (61 P(Nd heads) , = //f . 

(2) P(2 heads, 1 tail) = -^// . (7) P( 3 tails) - = ' 

(3) P(Not 3 heads) = ^/ . (8) P(No tails) 

(4) P(3 heads or 3 tails) = . (9) P(At "least 1 head) = * 

(5) P(At least f tails) = ^ (10) P(At least 1 head / 

or 1 tail) = / . 



1 T 



I , , , .via ^-122 m 



V 



123 



56 



ilii:?-: : complete the table to show all the possible 
..-■sums of numbers on two spins. The dial is 



.^^ivided ipto twelve equal regions. 











\9_ 







1 


2 


3 


-4 


,5 


6 




8 


r 


10 , 


11 


•12 


i 


2 


3 








/ 


/ 






// . 




13 




^ - 




5 








J 


/o 


// 


/z 














7 


^ : 


J 


■/o 


// . 




/J- 












7 






/o 


// 


/J. 


/s' 




/s 




r 

5 






/ 


7 




// 




/J 


// 


/s 






6 




/ 






// 


12 


/3 


// 


■/^ 


// 


/7 




7 


f 






// 




/J, 


// 






V/ 


// 




0 

fet 


^ w*^ 




.//. 


/-? 




✓ 






/7 


// 












r — ^ 


/5 


// 






/7 


// 


/? 




^/ 


riO 


// 






// 


/S 






// 


/? 








.11 


■/z 


/3 








/7 


// 


/? 








^3 


12 1 


/J 


// 








// 






J/ 









a. .How many entrie's a re. represented in this table? ' 

b^ ■ Of these entries,, how many are 9*$ ? f 

c; What is the probability of getting a sum of 9 on two spins ? 

d. . P(sum = 5) = y^^;. , . e. P(sum = 12) Y/^^. 

f; ;P(sum is pdd).= /:l . g. p(sum > 18) = . 

h. P(sum' < 4) = . i. P(sum \ 2) = 

jr Wliich'sum has the greatest probability? /S 

k. Which two sums have the least probability? . ^ ' and 
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9.. Complete tHe table to show the possible 
products of riuqibersion two spkis. The 
^ dial is divided into tea. equal regions. ' 






1 ' 




-3 

J 


4 


J 


u 


7 • 


Q 
0 


0 

7 






1 
1 


? 




• d 
T 






. / 


/ 






2 


A, 






O 




/J? 


// 








3 






7 


/Z 




// 






Ay 


^ 


A 

H 




' 0 

J 




J / 




75 










•J 


J? 




IS 






so 











U 


/ 

h 










36 






^ «/ 




7 


7 


// 




^/ 










^.^^ 




8. 


/ 
















7^ 




9 




// 










^3 






?^ 


lb 










SO 




70 




^-^^ 


/CO 



a. How fnany entries are represented in this table? /oo 

b. How many times is there a product equal to 16 ? 3 . 

. c. . ymat rs the probability that a product equals 16 ? -rY/oo 
*: d. ^ P(24) = _ii5_. 

e. P(27) = ' Vso . . . - 

.«f. P(even number) = -^/Z . 

g. P(16 < product < 30) = 

h. P(multipleof"5) = 



/7 



i. List the products which have a probability of ^TTv^ : ' 

V lUU \^ 
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LESSON 9 
Both^ And; Either^ Or 



Vim' ^ . , 

Intwduction. 



* In thife lesson pupils use trees and tables to list the 'possible outcomes of 
^alctilg two draws f^rom a belg which contains three different-colored marbles. 



i 'The first marble drawn is returned to the bag before the secpnd draw is 

made. By counting out-comes^ probabilities are then determined^ with attention 

^ ) ' \ 

^ direcjted^ for example^ to both red oij tije first draw and green on the second. 
Then by counting outcomes^ the probability is found for either red on the first 
draw or green on the second draw or both red on the first draw anc^ green on the 
* secon^^ draw. Thus^ the both ^ and -- either ^ or situations are introduced. 

*|jext^ pupils .fnake a tree and ^table to list the possible outcomes of two 

4raws.,from a bag which contai^ns 3/ marbles of different colors but now the 

first marble is not returned to the bag after it is drawn. Then, by counting * 
1 H ' — "'^ > ... 

bute'c^es,.* several pxamples are" given in which both , and probabilities ar>d 

^either ^ or probabilities are determined. . 

■ r""^ ~ ' ^ - ' ' . , ' * ' ^ 

vVOQabularyt Both, and; either, 'or. " 



Materials : (l) Colored blocks or marbles (l red; 1 green, 1 white)-. 

. (2) Non-transparent bag. ' , * ♦ . ' 



Suggested Pr.ocedqre: 



Shqv^ihe bag and place in it a red, a green, and a white marble'. Ask what, 
the probalpility is of drawing a red marble, (j*) * - • 

0 If t^he marble that is drawn onothe- first draw 

1 is returned to the bag, what is the probability 
of gre^n on the second draw? ' (i-.) Can^wp find 
the probability of getting both a red marble on. ^ ^' 
the first ;draw and a green marble on the second 

' draw?.. ^ 



RIC 



Ask the pupils to turn to page *58 in their texts ,and to iSftke the table and the 
tree diagram to show all the poss^bie outcsomes of two draws from this bag. . • ^ * 
Remind them /that the marble drawn o^n the first draw 'is returned t6 the bag- , . - 
before ijhe second di'aw is made. Answer the questi^ofis on this ;^age as a class 
activity^ drawing' attention to the both , and probability and making sure that , »' 
the pupils comprehend what both, and means • y ' ^ , .■ ' 

Work through Pupil page^ 59 as a class a^iyity^ using the table and tr6e 
,from the- previous page. Help the boys and girls understand the " Either , or*, 
situation and discuss the exercises at the i)ottom jof the page. Some pupils""* 
i|iight discover ^ring the discussion of the probability of ' either red On the 
first draw or green on the second draw or both red on the :^irst and* green on the 
-second, that; . ' ' . V^' 

P(Either R on first or G on second or both) ="P(R) + P(g) - P(Both) 

If you think your plass should see this, take time to develop it, but otherwise, 
do not point it out to the pupils . / , *. ' ^ • 

' Show the ba^and again jnat the red, green, and v^ite marbles in it. ! , 

Let*s make two draws from this bag but this time 

we will' not replace the marble we |et on the first . j.'' \ 

* ' ' # ' • >. 

draw. Now, what is theVprobability 'of both red on , • 

the first- draw and greenLoft' the second draw? r - ' > 

Have pupils complete the table and the tree on pag^ 60 in theiy text to find 
the possible outcomes. They must be careful because now,t"he firs"^ marble drawn 
is not replaced so the table and tree will not have entries in every spac^. Work 
together^io complete,, this page and to answer the questions on page ^IJ^helping 
children to use th^ir table or tree to find the answfers^. , Compare tke probabitity ^ 
of the "l^th, and" statement in Exercise \l with the "either, or" statement in ^ . . 
Exercise 8. ' , , ^ " 

1 ' * ^ * *' 

Pupil pages 62 and 63 ;. These pages can be completed and, discussed as a class 

activity or can be done independently by. the pupils. - % 

Pupil page 64 ; This game gives boys ar^ girls, practice^ in ^vision ,^id drill- on 
decimal equivalents of fractions in addition to being a good /'Probability 
Gam^" . It would seem that player B hCfe the advantage in this game mji^-g, 



table of outcomes which gives the first digit of the quotjl^^lct of g shows 
this isn^t true: . ' , ^ . ^ 

- ' ' 126 



132 



0: 



0) 

c 

•H 

ft 



Spinner A 





,1 


2 


3" 


k 


5 


6 ' 


7 


8 


9 


1 


*i' 


2 


. 3 


h 


5 


■ 6 


7 


8 


9 


2 


5 


1 


1 


2 


2 


3 


3 


If 


If 


3 


>3 


6 


1 


1 


1 


2 


2 


2 


3 


If 


2 


5 • 


7 


1 


1 


1 


i 


' 2 

V 


2 


5 


•2 


If 


6 


8 


" 1 


1. 


1 


1 


1 


6 


1- 


3 


5 


'6 


8 


1 


1 


1 


1 


' 7. 


rr 

1^ 




If. 


5 


7 


8 


-1 


1- 


.a 




1 


2 


3 


5 


~6 


7 


'-8 


1 




9 


:i 


2 • 


3 


If 


'5 


6 


7' 


8 





-fx.' 



The number of 1st digits are: * , 

Player A wins on, 1, 2, or 3 so he wins 
~ 'o'n 50 of the 8l possible outcome's. 
' Player B wins^ on ^^-5^* 6, 7, 8, br 9 
so he wins on 3I *of ^the ' 8;^ '^possible 
outcomes • 

' This game could be played by finding' 
^^^the quotient of any tw numbers. Another 
further activi/cy which might interest — 
some pupils Xrouid be to note the first 
!' digits of addresses in a telephone book/' 

They could open the book at' random and jot down t^e first di^it of 100 addresses 
How 'many begin with a l? a^2? a 3? Do over half the addresses' begin with 





29 • 




2 - 


-13 




3- - 


8 




i - - 


• .6 
7 




5.' 




'6 - 


• 6 . 




7 ■ - 


5- 




8 - ' 


\" 6 




9 . .- 


1 




Total 


81, 





^^ne pf these three numbers?^"^ almost one-third begin with a 1 .? Probably the . 
* "^^^ns^exs to these two questions Wild be "yes". , ' ' 



ions^i^duld 



Lesson 9 - "Both, and ; either,' or" 

^ A bag contains 3 marbles, one red, one green, and one white. „ 
Let's draw a marble, note its color, and j:jeturn it to the bag. Shake the 

bag and (draw ^again. . ' 

• ' ■ * •' . " 
•" * • 1 

P(red on" first dr^w) = ^. .- ^ 

Pfgreen^pn/second draw) = 3-1 - , . ^ 

/ W€ want to find the probability of getting both -a red marble on ttie first 
draw and a green marble on the seconcj draw. Complete the table and tree i^y.^ 
. diagram of the possible outcomes. 



First 
Draw 



TV 

\ 


Red ',. 


Grden 


" White . 


Red. " 


R 






Green 


a/C^ ■ 


■ a S 


- Gr 


.White"^" 









X-"'} Second Draw 




■■•■•■4. 

SI 



A, 

a' 



Both the table and the-tree 



show 9 possible outcomes. ^.1,-.. 
Only one of them is rH on l-l^w 
the first draw and Green .oil 
the second draw (RG) . 



W 




P(RG) = P(Both red on first and areenr on second) 

- V ' 

P(WR) ' .'/f . , 



.P(WW) 
I 



Let's think of this same bag with 3 marWes, one red; . lone pe'en, . ^ - -"^ 
alid one White. -.^ . ' - * 

But now, what is the probability of elther -^^^d-Qr^the~tirst draw or green 
on the second draw or both red on the first and green'on^the second? 

Look at the table or the tree diagram we just maije./fll^ere are 3. 
possible outcomes in which the first draw is red: - - 

> , R G, and . " ^ ■ • . 

1 There are also 3 outcomes, in which the second draw is g-r-een: 
• RG , (g, & , and . 

Notice that you listed one of the outcomes twtc'e. Which one? ■ 

Therefore, there are only S -outcomes witj veither - rejlojr th e, 
first draw or green on the second, or both red on the Wfsrand green on 



the Second. ' ■ ^'--'^ 



They are /^/? , , /faJ \ - , and ^a- 



. We^can count to see that' • . , • 

P (either red on first or green on second or both) = . 

i: Nelth^e?=-,R on first or W on second or both) - ^ . 

"r^PCeitheKG on. first or 'c on second or. both) = : 



u 7*' 



'■' 3. P( R on second or -W on first or G on- first). = 

^4. P( R on first or- on first or W on first) = ^ / 



! 1 



4 



(Jhink.of the same bag andlhree marbles, red, green,' and ivhite. 

J . • * - -'4 ^, 

Jhis time we do not replace the first ma rbte before we draw°the second 
marble. What is the probability of red on the first draw and green on the 
second draw ? 



Complete this table to show the outcomes.^ Remenjberihat if we draw , 



a red on the first draw and do not replace it, it cafftiobbe drawn on -the 



c 



second draw. So R,R is impossible. Is G*,G possible? 



Second Draw 



First ■ 
Draw 



Red 



Green 



White 



■Red 



impossible 



WR 



Green 



R G 



White 



A tree diagram would also show the possible outcomes. As you complete 
it, be caretul'to include only the possible outcomes. 



First Draw 




.4' 



130 ■ 13(j 



1. How many possible outcomes are there?- ^' 
"^2. What is the probability of red on the fi,rst draw? 

What is tf]e probability of green'oo the second draw? ^ ^ 

' What is the protebility of both red on the first.draw and green on the 

H ^second draw? (Look for RG in the table.) 

• f-' _ ; — ; ' - — ^ . _■ 

■\: 5:*" What is the pro^bility of white on the first draw? • 

..i' What is the probability of both white on the first draw and white on the 
" - second draw? ^- • 

''f: ' List the outcomes which show a red on the first* draw, or a green^n 
: ' the second draw, . or botht ^ /f ^y:-' 

8. P(either reO.on first or green on second or both) = . " , 

9. P(either green oniirst or white on second or both) = . 

^ .10. P(WW) = ^ 

n. The probability that Whit;? will be drawn on either the first draw or 
' 'second draw-or both is 'fj . Does the phrasp, "or both" 
affect this statement? Tlq ' " Why.or why not? g/ej 

JL^2^ ^^^^^ A-^^ J ^ 

- * • o» ' 

' . 42. The probability that white will not be drawn at all on the two draws 



Exercises -lesion 9. ' 

Use this spinner. The dial is divided 
into ten equaf regions. 



'* 1. What is the probability of red? 

2. What is the probability of blue? ^/^ ' 

-3. -What-is~the probability of;^ 7 ^ -^/-/e 

' C P(5) = 




5. P(even number) 

6. P(odd nuinber) = 



Let's try our phrases 'Hx)th, and" and "either, or" to find: 

1^ theprobability of tx)th redand even; 

8. ,the probability of eit|ier red or even or both. 

Complete this table to help-you find these probabilities. ^ 

N'umbers 



. Colors 





0 


1 


2 


3 


! 

i 


5 


6 


7 


8 


' 9 


Red 


R,0 




















BItie 














B,6 


3,7 




4 9 



' (Check your spinner; is a red 7 possible? ) 



•4Vt - 



9. • How many possi|)le outcomes are there? /O 

10. List the outcomes which are both red and even: 



11. Now answer Question T, ■ P(both red and even.) - -V/o 



W^-'- 4'.: • 



12. List the outcomes which are red: 

13. How«many outcomes are red? 



. 14. List the outcomes which are even : 
' 15. How many outcomes are even? ^ • 




11 How many outcomes in Problems 12 and 14 are listed twice? 3 
' 17. Now answer Question 8 .. Pteither red or even or both) = Y/o . 



18. PIbothredand 2) = 

19. P(both blue and 4) = 



/o 



, 20. P(either blue or even or both)^= f/^ 
H 21. P(either red or odd or both) = ^^^7 ... 

22. P(both red and <; 4) = t^<^ . 

23. P(red or > 4) = fi ^ / , 
'i24.'"p(blCieor^ > 4).= '/^ . ' 

i25. P(blue or red) = ^ ' / 

26. P(both blue and red) = 'o 



27. P(bothjedand > 4) 



Brain Teaser - Quacky Quotients 

This is a game for two players. You need two spinners numbered 1 to 9 . 

. .(You can use the spinners laiDeled 0-9 and spin again whenever ^ 

either spinner stops on a zero, or you can cut out a new dial, divided ' 

^ into 9 equal parts, and place it under the pointer of any spihner.) - 

Each player spins once. The one.with the larger number is called- 

. player A and the other is player B. ' . ... 

: Each player^plns-his- spin ner_Ji:bfi-numb^iLon_pla^kJ^S--i is_ 

divided by the number on player B's spinner. . . 

. If the first digit of the quotient is a 1 or 2 or 3 (or .1 or .2 or .3), 

(ilayer A wins a point. If the first digit of the quotient js 4 or 5 or 6 or 7 or 

• 8 or 9 (or .4 or .5 or .6 or .7 or .8 or .9), B wins a point. Thus A .wins 

on 3 of the 9 possibilities while B wins on 6 of the -^9 possibilities. 

. Is.it a fair game? Play it and then decide. Here are examples: 

8 - 
A spins an 8^ B spjns 3. |=2. + ,.. So A wins. 

'7 V. 
A spins a 7/ B spins a 9. ^=.7 + ... . B wins. 

A spins a 1, R spins a 4. ^ = .. 25 .. A wins. - \ 

/ 3 1 : i ' ' 
•; A spins a 3, B spins 5. ^ = .6 . B wins, i 

Spin 20 times and see who wins. Play several games before you decide 
if this is a fair game. Then make a table to.show all the possible quotients in 
this game. From this table you can see which player has an advantage. What 
is^tfie probability that player A will win a point on one set of spins? jf^^ 
that player B will win on one set of spins? ^Y^/ Why could we not use 
0 on the dial inthi^game? - . ; , ' ' 




LESSOR 10 ^• 
The Pascal TJjaHB^le 



Introduction » / * ' 

^ * ' - • , \ 

This lesson introduces the Pascal triaYigle in an intuitive way^ Pupils are 

not expected to develop a formula for it but are encouraged to discover as many . 

properties of the triangle as they can, In later grades, they will have the' 

opportunity fSrlndre rigorous mathematical study. You might want to review the 

material in the Mathematical Comments .before teaching this lesson-. 

Tables and trees are ta^ed'to picture the possibilities for outcomes of 
heads or tails when coins are tossed. , l^ese .possibilities are listed and from 
them the Pascal triangle is introduced. In the section, Things to Do at . Home , 
several activities are suggested which will enable boyi^and girls to' compare 
their data from experiments with t^hat which they might expect from the pattern 
of the Pascal triangle. If time permits, this section would be ^ very worthwhile 



to complete in class. . ' """^ " ^ 

\ 

' This lesson has many values.- . ><^* 



1. The Pascal triangle contains a number of \ patterns vM-oh a part of 
.many different probability problems. Fo;r. example, as we a^ one more, 

element, we increase^he number of outcomes by o^e more power of 2; 
for example, ^2 "outcomes for 1 . coin (2 ); h outcomes for 2 

coins (2 ); 8 outcomes for 3 coijis (2'^7~-i6 — oulTjuiuefc; for — h 

coins (2^); etc. ^ 

2. Pupils can, perhaps for the first time, appreciate a beautiful example 
of, syinmet^y in mathematics; for example, the left half of each lin& 
duplicates the right half -of the*" same line--- 

3. Many opportunities are afforded to discover patterns and relationships. 

Pupils leam to read a different type of display and to see a new 
. ,,?^^apg^i^sj^"t from which they can extract information. ^ K 



5. More and more insight can be gained from the Pascal triangle as pupils 
b.ecome more sophisticated ^in mathematics. 

6. ""The Pascal triangle is an excellent example of the value of classifying 

and orglanizing information in a meaningful and useful Vay. 

Perhaps the last time you yourself were concerned with this concept was in 
a high school algebra class. You will enjoy helping children learn intuitively 
what you may have learned more fomally. ' 

Vocabulary : Pascal triangle. " 

Materials : (1) a straightedge for each pupil 

(2) a straightedge for use on the chalkboard 

Suggested Procedure : 

The lesson might be introduced: -v 

We, have found the possible outcomes for various 
combinations of simple events. We used tre'es and ^ 
tables to list the outcomes.*- Today. we*ll use 
trees and tables to find some interesting patterns ' 



that were noted by a mathematician^ Pascal, about ^ - 
300 years ago. ' - 

Ask ,pupils to turn to page 65 in their texts and complete the work. Disc^iss 
the activity of tossing a coin' twice: ^ 

' ^ In thoTs activity, how ruany possible outcomes are % 

there in all? (U.) ^ 

How many outcomes are there in which both coins are 
heads? (l.) 

V/hat is-^the pro"tiability of 2 heads? (•^^. ) 

How many outcomes are ^here in xhich one coin is 
a head bxSl the other is a tail? (2.) 

What is the probability of 1 head and 1 tail?' 

2') • 



/ 136 142 



How many outcomes' are there in which both coins are 
tails^ (1.) 

What is the'probabi-lity of 2 tails? (-jj-.) 

Call attention to the numbers 12 1, and write them on the board. 
* ♦ 

Discuss in a similar way the tree and table for 3 tosses of a coin, 
calling attention to the numbers 1 3 3j 1, and write them on the board: 

i • ^ \ / ' ^ 

1 3 ''3 1. ^ ' * 

Pupils can then complete page' 66. ^ Discuss it as you* did with two tosses 
and three tosses and write 1 i|- 6 ^i- 1 on thevbo^rdv— 

1 '2 1 ' 
•13,31. . 
1 k 6 k . 1 , ^ 



Ask how many different outcomes there are when "1 coin is tossed, (2), and what 
these are. (l head, 1 tail.) Suggest' that you will put this on the board and 
also add a little more information: \ • 



Outcomes 



\ 

V 

^ ^^^^ . l^flJoT V,1T 

^ ^^^^^ ~ /■^2H,0T / ^lfl,lT ■^0H,2T 

' . 3 coins ^3H,0T;' 22H,1T 2iH,2T ■^0H,3T^ ' 

h coins li^H,OT ^ Sh,1T ^2H,2T ^1H,3T ■^OH,i^T K 

Ask how many different outcomes there are when 1 coin is tossed. (2.) 

2 coins, {h.) 3 coins. (8.) h coins. (16*.) Ask if the sum of the numbers 

in each row,' for example, 1 1 in row 1 and 1 2 1 in row 2, is equal to 
the number of outcomes. (Yes.) ' ' ' . 

Explain that this is a part of the Pascal triangle, a pattern noticed by 
the seventeenth century mathematician, Pascal. The table would look more like 
£^ triangle if the vertex: at the top were given, but the idea, of 1 possibili-ty 
(no heads or tails) if no coins are used may be confusing to children. .Pupils 
can now turn to page 6?. Discuss this with them, helping them to discover, for 
example: 



1. E&ch entrjft^j^ the sum of the two ^iuxnbers nearest to it on the line 
above* For example, . 

1 ■ 1 ' 

1 V 1 , ^• 

1 VVV-i . ■ 

\ 

2. Each line is symmetrical; it can be read from right to left exactly 
as it can be read from left to right. 

3. The sum of the numbers in any horizontal row is always a power of 2 • 

\. The sum of the numbers in any one horizontal row is ^equal to the total 
number of outcomes; for example, row 3, Jfor 3 coins, includes the 
numbers 1 3 3^ 1 . Their sum is 8, which is the totll number of , 
possible outcomes when 3 coins are tossed. 

i\6k the children to try to comp^Lete the fifth row and then to check their 
.thinking on page 68.. Work with them to complete this page. The triangle should 
be carefully completed with the number of heads and' tails noted. Then ask how ^ ^ 
.each new row would relate to an experiment with" coins: How many coins would be 
needed; how many chances there^ would be of getting various combinations; how t]^e 
numbe^ t>f outcomes relates to the sum of the numbers in -^he row, etc, Explaih 
that although this particular sheet, page 67, shows the number of head% arid 
tails we might expect when tossing a number of coins at'^^rje time, or one coin a 
number of times, it can be used for experiments involving two, equally likely and 
mutually exclusive events (the occuri^enc;^ of either* excludes* that of the other;. 
It is interpreted, for example: ^ * , . 

^ » If' we toss 10 coins, ^we'd look at line 10 . It tells^ 

'US *that there ar4 or 1,Q2U ways in which these . \ 

' * . / ! ' * ' ^ ' • . 

10 coins might jfall* There i^ only 1 chance in* 102H ^ - 

that all 10 , coins will be heads. P(lO H) =•102? * ' ^ u.^ 
' A1.S0, there is only:5a.l chance in 102U that all 10 ; 
coins will be tails. .Other ir>f6rmation from this line is:' 

If we toss 10 coin§, ^ 

/ 

' there are" 10 chances in 102U that there 
will be 9 heads and 1 tails. ^ 

P(9H,lT).-jir . ■ . '• 

► » 



there are chances in 102i^ that there 

will be 8 heads and 2' tails. 



P(8H,2T) = ^ 



there are '120 chances, in '102k that there 
• 'Will be^ 7 heads and 3^ tails. ^ 

' ' ' P(7H,3T) = . ^ 

As .a class activity/ complete the 'exe revises on page 69. Pupils can discover 
by studying the triangle that when we know the numbey of heads, we also know the* 
nmber of tails. For example, using ,8 coins, the probability of* 6 heads is 

and the probability of 2 tails also is • Also, the probability of 6 



28 ^ 28 

tails is and the probability of 2 , heads is . 

Some children might want to use line 10' to figure out what line^U would be: 
' " Line 10 2*^° 1 10 if5 120 210, '252 210 120 10 1 



Line 11 2 



1 11 55 165 330 \62 he2 330 165 55 11 1 



The use of the Pascal triangle in making selections is introduced in the 
Pupii^Exercises . For example, if there are 8 boys, how many different ways ^ 
can you choose 5 of them to be on a committee? Since there are. 8 boys, look 
^t row 8. Then look for 5H,3T .which represents a committee of 5, w^th 3 
not on the committee. The number asso^ated Vith (5H,'3T) is 56. So there 
are % different ways in which a commi-^tee of 5 can be chos^ from a group 
of "'8 people. - Note that when you choose a committee of 5, /you automatically 
choose a group of 3, which does not serve on the committee .\ So you could have 
looke'5. to the right of , 8 for (3H,5T) and again 56 ?would,W found^as the 
number of different ways a committee of 3 can be horned from o"--.geople. /Thus, 
ther.e are 56 "different ways a committee of 5 can be fomed from ^0^ peopie, 
/and/ 56 -different ways a committee of 3 can be formed from 8 ^people. . 

Perhaps this seems complicated but it really isn't. * It*s just more diffi^uiJ 
to vrrite than it is to do! Let's try another example. From 5^ books, ^ how/many 
different ways can you select 3 books? First,; note the number of th±^^ (5*), 
so look at the fifth row.' Next, look to tke right for the numbex-£i^^Ooks you 
vislj to select, (3H,*2T) or (2T,3H). The number associated with this is 10.^ 
So there are 10 .ways in which you can Belect 3 * books from 5 ^oks. Also, 
there are 10 ways in which you can select 2 books from 5 books because when 



you select 3 *ooks^ you are at' the same time rejecting 2 books--and this 

• ' ft < 

amounts tq a selection^ in a sense: 

How many ways can you select > cjiildren to ^elp you if you .must choose 
from 7 children? Is your answer 21'? 'It should be • 

There are ^n apple, an orange, a banana, and a peach* How many different 
ways can you choose 3^ of'tbem? (Remember, there are things • ^The*answer' 
is h ways.) How many ways can you select' 2. -of these? (60 

A copy of the first 10 rows of the Pascal triangle is given bn the next 
page, , ^ • ' 

/Pupil pages 70 and 71: You may need i^o help pupils get started on pag^ 70 by 
answering the ciuestions at the top ©f the page as a class activity. Once 
pupils see how to use the triangle to make selections, they can answer 
\the.se exercises q.uite rapidly. 

m 

Pupil pages 72-76: Discuss these pages in class when pupils report tiie data for 

} w 

the activities. This is an excellent opportunity to clarify ideas about 

expected results. Bar graphs could be made from the totals reported by 

several pupils and these could be 'quite useful in colnparihg actual results 

^with expected results.^ ^ 




iko 



1.40 



Number of Total Number 
Things ' of Outcomes 



H 
H 



10 



PASCAL TRIANGLE ^• 

A pattern of outcomes for coin- 
tossing o^other experiments 
involving eq^ually likel|^ events. 
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The Pascal Triangle - Lesson 10. * ^ 

li^t some of the activitiesW have tri^d which have, had two equally 
likely outcomes: 

a. Spinner | red, \ blue ; ^-^g^f^.i^ '^i^ 
c. A^.Z.^c?. ^^-^ f. ^ 



i - 

,We will make tree diagrams for one of these activities, tossing a'cofn. 
Show the possible outcomes for two tosses. 

Tree ^ ' Table 



First Toss 
•H 



Second Toss 
^ -H 


2H, OT 


IH, IT 


OH, 2^-^ 


-T 


H H 


^ HT 




-H ' 

T ' 




- TH 




Number of outcomes • 


1 


2 *0 


1 



^•-Gomplete the tree |.nd table for 3 tosses, 
Flrst//oss- Second Toss Third Toss 



% H 



J i J 




Number of outcome^' 



3H,0T 



HHH 



2H,1T 



HHT 



3 



1H,2T 



. 3 



0H,3T 



ERIC 
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. Wow. m^ke one more trqe . (for four tosses) . 
First Toss Second Toss • • Third Toss ' 

A. 




List the outcomes in Jhe table. 



■ - ' r 


4H.0T' 


3a IT 


2H.2f , 


1H.3T 


0H.4T 










. TTrr 




























rrr// 


— / 


I 




















Number of outcomes 


1 


• 4/ i 


-> ^ 


4'- 


, 1 



ERIC 
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Let's orgahize our data from the tables into ' 
a triangular display. 



First Toss 



Second Toss 
Third Toss 



. (Look at the first table.) 
(From the secop'd table.) 




^ . ■ Look at our display. Do you see^:a pattern? . . Dp. you seeseveral different patterns? ?^ 

Fpfr complete the fifth row (5 tosses ofaebin) without making a tre6 or a table? ^y^^-., / 

L^..6o back to the fifth row and try it.v . . . - ' T . 



io2 



68 



•Yoar fifth row should be 



15 l(f .' 10 "5 ^ 1- ' 

. • , 5H,0fr lfH,lT 3H,|T 2H,3T 1H>T 'OKlbl 

' Did you write this row so that it continues th,e triangle? 




./ This pattern was aoticed by a 17th-century mathematician, Blaise 
Pascal.. So it is named the Pascal Triangle. - 

Go'back to the triangle and complete rows 6' through 10. Don't rush . 
-through it. Place a riiler so that it touches tRe ends of the I's Draw'a 
light I ine^jown toward the "Tenths Toss"? Do the same on both sides: it ' • 
will hejp you keep your*displ.ay in order. Always -work njatly.' .Vour results 

• will be used to answer'sdme. questions. . ^ ' 

Now go back to the first row of the triang-le. Write in, just to the left » 
of the words "First Toss", the'^n'umber 2. The'2 stands tor the total ' 
.< ..mimber ofjJutcomj^s fpr^onetoss'df a coin. ■■' ' ^ 

^ Just to \he I^ftof ^''Second Toss'\ wnte a 4 to show it represents 4 ^ 
outcomes for 2 tosse? of a. com. Vl£hat should you write to the left of 

• ".Third Toss" ? - - Complete by writing.the total number of • ^ 

(■ " - . ' " ^ ■ " ., " ' . 
outcomes for'eaCh. row. ' (The -Zth Vow is 128 and the 10th ro.w is 1024.) 



Do you afso see a pattern to this colamn of lumbers? \ 



. What is. the pattern? ' yplc^-y^/uAj' Z^^-'f Sr.^t .a^ 



Use the Pascal Triangle to answer these questions. 

1. Hpw. many outcomes are there for 2 tosses? j^- 



2. How many outcomes of exactly 2 heads are there in- 2 tosses?, / 

. 3. In 2 tosses, P(2H)= // . • 

4. In 3 tosses' P(3H)= ^/f ' . ■ , • • . 

•5. In 7 tosses, P(7H) = J^£_. 

6. In 7 tosses, P(7T) = /^^F . . 

7. In 4 tosses, . how many possible outcomes are there? ' 

8. In 4 tosses, how many outcomes can you expect to be 2H,2T ? ^ 

9. in 4 tosses> P(2H,2T) = 



lO: I-n 4 tosses, 

11. Irr 6 tosses, 

12., In 6 tosses, 

13: In, 10 tosses 

14. In- 10 tosses 

15. In 10 tosses 



P(3H;1T.)^= 
P(4H,2T) = 
P(2H,4T) = 
^(8H,2T) = 
P(2H.8T) 
P(5H.5T) = 




.16. If you toss 10 coins at orie time, is the, probability of 4 heads arid 
6 tails more likely or less likely than '7 heads^and ' 3 tails? ' 
yTn^jygy likely . " ^ " ; ' 

Brain Teaser. If you toss 15 coins at one time, the greatest prob^lity 
" ■'■ would be for .heads; •/ ' tails, ancj-.for 

/' heads, tails. ' ' 



^ , ^ ™ ■ 7- ~ JJJ- 




Let's see how we can use the Pascal Triangle to help us answer oth^r problems. 
Look at the third row. 

^" If the question, were, "How many differfint combinations of 
. exactly 2 Heads are there?" , you would say . [ '. 

This triangle can be used to answer many questions. 

Use the tiiird row again. There are 3 people. ' How many different 
.combinations of 2 people xan you choose from 3 people? (Look at 2H,'1T.) 

fxercisfes - Wesson 10. .• , 

Use your Pascal triangle to. answer these questibnl ' > 

1. frqm^ A people, ho\y many committees of 2 can be chosen? j \ 
(Look at 4th row, 2H,2T ). / ' . ^ ' -^■^/ 

2. Froni\4 people,', how many committees of 3 can be chosen? l^c ,< 



' ^ 3;^ From a group of 7 people, there are: / • • 

■ a. How many different Committees of . 3 people? zJS^ 

, ' . b. How n^ny different committees of 4?__^^__ 

• c. ^ ^How many-different committees of 1 ? ■ /- 

« / ^ d. How .many different committees qt, 4^- 

-e. How many different comwfiees of 7 ? / 

..ERIC . I ' ' i-5u 
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Exercises - Lesson 10 (continued). . ' 

.4. a. In how many different ways can a committee of 6 be cfiosen from 
" ^ ; a group of 8 pupils? ^/ 

b. In iiow many different ways can a committee of 7 be chosen from 
' agroup^of S pupils? 

c. In how many different ways can a committee of 8^ be chosen f rpm 
,i-;v'^a groupof 8 pupils? . : / 

A The teacher asks for 3 volunteers to go with her to the library. 
However, 9 pupils volunteer. 

a. In how many different ways can the teacher select |he 3 to go 

with her? // ^ ^ 
' b. If the^teacher could select 4 from the 9. pupils, howmany 

different groups could there be? 

6. There are^5 flavors of ice cream: "chocolate, vanilla, strawberry, 
, black walnut, and'peach. , . * 

a. In how many different ways can you choose 2 of-these 

' - flavors? - ' ^^.-^ 

b. In how many different ways can you choose 3 of these- - 

. • ' ■ '/^ 

' ' flavors? . XT > . - ' 

— I ■ * 

c!\ In how many different ways can you choose 4 of these 
flavors? ' ^ .- ■ 



ERIC 



Things To Do At Home - Lesson 10. 



1. The Pascal Triangle can be used to show the different possible outcomes 
in making selections. It is a pattern and we expect results similar to it. 
I . To compare the actual results with the Pascal Jriangle, toss two coins and 
record the outcomes on the chart and on the graph. 



CHART 



Toss 
Numbef" 


2 Heads 
0 Tails 


1 Head 
1 Tail 


.0 Heads 
2 Tails 


1 




• 




2 








3 








4 


— 






5 









6 






^ * 


7 








8 








9 








10 






• 










12 








13 








14 




• 




.15 • 








16 - 
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a. Did 2 heads occur about as often as 2 tails? ^ 

b. Did 1 head, 1 tail occur about twice as often as 2 heads? 

c. Were your results about what you thought they might be? _ 



/ 
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2. Make a windmill with two vanes: Seethe Appendix to learn How to make it. 
' Color-each vane^jed on on^ide and blue on the oppositeside. Blow on 
the vanes and then place the^viDdmill on a flat surfae^t^ see- which 
vanes'are up. Mark the chart to show how the vanekjstop:. both yaneS' ^ 
red,' one van'fe red and one vane blue, or both van^^ blue. ShowtHe 
totals on the graph. ° '. 

CHART 



BAR GRAPH 
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a. Would you expect the results of this experiment to be about the same 

as with the coin tossing experiment with two cojns? 
V Wer^'four results about what you expected them to be^ . 
c. Circle your answer. About how many times would you pxpect an out- 
come of 1 vane red and 1 vane blue if you did this experiment 1000 
■ times? \ 400 • 600 • 

153 . ■ * 



150 



3. TOSS three Coins. Marie the chart ^nd complete the graph from the 
totals. Compare your results with row 3 of the Pasca^ Triangle. 
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Number of Times in 20 Tosses- 

'a. From the Pascal Triangle, do you expect 2 heads, 1 t^il, wilLoccur 
about as often as 2 tails, 1 head? "p^^ ' " 

' , b. Were your results.about what you expected? 

c. If you tossed 3 coins 600 time^, aliout how manytrrrtes wfOld you 
\ ' ' expect all 3 coins to land with the heads up? 



4. Add one more vane to^the windmill you made so it will tiave three-vanes. 
Color this third vane red on one side and blue on the opposite side. Blow 
on the vanes and then"place the windmill on a flat surface to see which 
vanes are up. Mark the chart to show how the vanes stopped and complete 
- the graph from the totalsr-;CompJre your results with the Pascal Triangle. 
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^- Number of Times in 20 Spins ^ ; 

a. Were your results about v^hat you thought they would be? 

b. If you did this experiment 900 times, about how many times would 
you expect all 3 vanes to stop with red up? 

'<3g) 300 300 400 500 
. You might like to try this,experiment with a windmill of 4 or more vanes. 



I^SSON 11 

t 

Conditional. Probability 



Introduction / • ' 

In Lesson 9 drew twice witH replacement and later twice without repla*ce- 
ment, from a lrag~wh1:ch contained a red, a green, and "a white^marble. Probabil- 
ities \?tere then determined. ,We could yery well uge these same , activities to 
introduce the idea, of conditional probability; for example, what is the probabil- 
ity of green on the second drav when we kn*bw that we got red on the fir§t draw? 
However, to employ a different activity, we will use three tosses of a coin to 
kelp children think about condii:ional probability. - ^ 

A table of all- possible outcomes will enable pupils to count outcomes to 
determine probabilities as they complete the first 'two pages in the lesson. The 
exercises will give fur^Iier insight into conditional probabittisy . 

' ' ' \ P' 

It might occur to some pupil that every probabimty , is rq^ally a conditional 

^ ) 

probability. This, in a sense^ is true except that we choose our language so 
that .the condition is implied or understood. Think of an event as a subs^ E . 
of a given set U.^ The set U is the set of "all possible outcomes". We, spealT 
of P(E), though, we might say, ' P(E|u). " If we add a condition so as to restrict 
to a suli^et V of U, with E a proper subset of V, we speak of -P(E|V). 
A diagram might look like this. 




. / 



Vocabulary : ' Conditional probability^ given. 

Materiais : None ' ' . , ' 



\ 



\ 



' . >i ^ \ • . . 

^ Sviagestj&^ Procedure ^ , - 

, State that we have had m^ny opportunities to* learn about probability and • 
tiiat now we will find^hat the probability^ of an event may depend upon what we 
know about some condition concerned with.it; that is/ wit^^ our information about 
it or the circumstances surrounding it. ' * 

Suggest that the pupils turn to -page 77 in their texts/ Complete thi^.andij; 

the next page .as a class activity. Children should, have a fair introduction td" 

conditional ^probability after they, have answered and discussed their answers ^to 

•the ten questions. If further explanation is needed, you might use a* bag with* 

•%hree marbles, as was suggested in the Introduction of this lesson. • ' 
^ . ' ' ' ' 

Optional Further Activity : ' ^ * \ / 

\ Some children will enjoy tljis problem. It is written so that Lt oau be ^ 

duplicated for these pupils. ^ I / 



The Tennis Player • * ^ - „ ~^ 

'Jack plays tennis eveay day but Sunday with one of .his two best friends 
and, of course, he likes to win. In fact, if Jack wins a match, he plays against 
the same friend the next day, but if he lose^, he plays with the other friend the; 
next day. When Jack plays Evan, Jack is 3 times as likely to win as Evan is. 
Jack h^s 3 (Chances in k to win. When Jack plays Tom, Tom Is 3 times as 
J^ely to win as Jack is. Jack has L chanc6' in h to win. - . 

if Ja(5k plays Evan on Monday, is it likely that 1^ will also -play- Evan on 
Wednesday? About how many times in one-^i:^-week period do you think Jack willK 
play Evan? -About how **many times ^ ypu think Evan will win? ^ ' ^ • , 

^ You can uge a spinner to see. what might happen. You will need a spinner, > ^ 
like this: ^-^ ^ , ^ . ^ ^ ^ ^ _ , 



/ 
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.You will need a record, like this: 



* First week 



Second week 




Mon-: J E 
Tues • J _ 
Wed. \j 



.Thurs i ^ _ 



Fourth week 



Mon. : 

Tues. 

Wed. 

Thurs. 

Fri. 

Sat. 



J 
J 
J 
J 
J 
J 



. TWfrd week 


Tues^/J 



We ^ 
Thurs. J 



Fri. 
Sat. 



J 
J 



\ 




Fifth week 
J 
J 
J 
J 
J 

Sat . J 



Sixth week 



Mon. 

Tues. 

Wed.- 

Thurs. 

Fri. 

Sat. 



J 
J 
J 
J 



\When Jaiik plays Evan, think of the "blue part of the spinner as a win for Jack. 
\f the^, spinner stops on blue, draw a ring around the J on the' record, to show 
i^at Jack won. ,Write E on the next line to show he will play Evan again the ' 

"next day. If the spinner stops on red, draw a ring around the E and write T 

on tlie next line to show 'that Jack will play Tom the next day. ^ 
*■ 

When J^ck plays To;ii, the spinner must stop on red for Jack to win. ^If it 
stops on blue, Jack will^lose and he will play" Evan the n^x^'day.- Show what 
happened in your spinner game here: 

times in 36 days . Jack wcm of 



J^ck played Evan 

J 

his matches with Evan. 
Jack played Tom> 



times in 36 days. Jack won 



of 



his matches with Tom. 



mmmmm 



Pupil pages 79 and 80: After finishing these pages, some pupils might enjoy 



_ ^ al problep in conditional probability for the otheirs to , 

solve • For example, a die is tossed. What is the probability that a 2 ^ 

In up,* given that the- number that is up is even? (^.) Or, a pupil could 

wi*ite his name, Charles. A letter i a. picked at random. What is the- probii- 

1 



Or^ two 



ability that^^it as^/^a", given that^ a vowel was selected? ) 
dice are tossed. The sum of the nuraber^on the top faces is n^O.? What is 
the probability that one of the dice ^ow^^ 6 ?^ (^.) Boys a^nd girls 
could think of many interesting examples of conditional p2:*obability . 



■ i 
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Conditional Probability - Lesson 11.' 

/ "^^ coin is tossed 3\times. What .is ttie probability tha! at least two^re 
•heads? Listing th-e outcomes in a table, we have: 

■ HHH HHT-- HTT TTT . - 



HTH THT ' ^ 

THH TTH 



) 

There are a total of $ outcomes.* Thejputcomes with at least 2 heads Ipre: 
A^A^^y , - ^A/r , Mr//' , . r/Z/r", There are /] 
outcomes which have at least two heads. So' . 
P(at least 2 heads) = /x-. . - 

Now suppose someone whispered to you, 'The.fir^t toss was a head.'' 
What is the probability of 2 heads now? Look atJ he table. Theoutcomes^ 
with a head on the first toss are : y^/T Z'/^/' , ■ ^yO^ , 
' ^ Tr ' ' How many outcomes have a head pn the first toss? / 
Of these, how many have at least two heads?- „ 

Plat least 2 . head.s,if you know t.he first toss is a head) = . 
This could be abbreviated to • V - 

P(at least 2H | H on first toss) = ^ . 
this is r-ead, "The probability of at least two heads giv6n a head on the'first 
toss." In this example, the probability of 2 heads increased frem 
to ■ when we knew that the first toss was a .head. ' / 



^. -riWhat IS the probability of at least 2 heads if w6 know thaf the first toss 
shows a tail? A list of the" outcomes ^Ith a tail on the first toss is- 

.THH, .THT, TTH., TJT 
Of these, how many had at least 2 heads? / / 
P{at least 2H | T on first toss) = // ' . 

r 

Continue to use the table of outcomes for. 3 coins to answer the following 
questions. • . 

i. Plat least IH | T on first toss) = . 
'2. P(3T)= '/f . .- 
. 3. P{3T I T on«Mfl« toss) = //C . 

4. P (at least IH) = . 

5. ' P(at least 2H I '2H on first two tosses) = . 



P(at least IH I T on second toss) = rV/ 

7. P(exactiy 2 taHs) =. ^<f / 

8. ' P{exactly 2T | T on second toss) = /i- 

9. P(exactly 2Hi H '6n first toss) = /z^ . 
10. P(at least IH I exactly 1 tail) = / . i 



Exercises Lesson 11 . 



Use this spinner; The dial is divided 
into 10 equal regions. / 

0 

1. On one spin 

a. P{BJue) = 

b. . P(Red) = J 
P(2) = 




c. 



d. P{Not 2) = ? 



_e. P(7)= ;//c . 

f. P(Not 7) = 

g. P(ev?n) = _ 

h. P{0(1(1)= 



a. 



2. The H) pos^ible outcomes are: 

RO/ Rl, R2, R3, RA B5/ B6, B7, B8, B9 
P(bdth red and even) =■ ^//c . ■ To answer la. ), find those 
outcomes which are red (RO, Rl, f^2, R3, R4), and of those which 
are even (RO, R2, R4). Thus 3 of the 10 possible outcomes are 
bolt^ red and even. ^ - 

^b. P(both blue^aTid even) " ^ 
P(r€d|even) = 




t. 



d. 



Remember that this means, "The 



probability of red given that it is even." 
WlodcD ^ -/s . 



,3. .Useithe same spinner. List the numbfers which "are multiples of 4 . 

^- / ' f (be sure that you list three) 

a. P(multipre of 4) = -^/c . • 

b. P(both red and a multiple of 4). = 

c. P(either red or a multiple of 4) f 



d! P(both eyen and a multiple of 4*) = 



e. 

g. 

u 



P(r€d|multipre of 4) = fj . f. PImultiple of 4) = ^^/^ . 
Pfmultiple of 4|red) = . h. PImultiple of 4lblue) = 
Which has the:greatestpr61)ability. (1), . (2), or (3) ? 



(1) Pleven n amber) 

(2) Pleven number.|red) * 

(3) Pleven numberjblue) • 

Complete this table of t)utc9mes of two spins on this spinner. It has 
four equal regions. 



• 




G 





















First 
Spin 







Secon 


d Spin 




R 


W 


B 


G 


.R 










W 








-CJQr 


B 










G 


&^ 









On two spins, the: 

a. Total number of ^outcomes = 

b. PIRR)= 

c. Plat least one R) = V/^ . . . ' ^ . 

d. PIboth R on first and G on second) = 

e. PIR onfirst|G on second) = // . °. 

f. PIR on second I G on first) = . 

g^ Plat least one R I R on first).= / , ^ • 

h. PI2R| R on first) = 



i^' Plat least one W | R on second) = . 
j. Which has the smallest probability, • ID, 12), or (3) ? 
Q) .PIWWl W onfirst)_ . , ^ * 

I2) .P'IWW| W onseconjk . - . 

(3)- PIWW) , * 



1^ 
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^LESSON 12 

Ghosts , Goblins ^ and " Coins that Reinember "> 



Introduction > 

This lesson should help pupils to realize that the lav of averages is often 
misused or misunderstood^ It is hop^d that in the future they will recognize and 
avoid the errors that are commonly made in its name . • • 

The wide misuse of this, so-called "law" is ample evidence that the "basic 
concepts of probability ^re not known to many otherwise welJL-informed people. 
^In newspapers ^ maga^'ines^ and other mass media of communication, reference is 
made to the* law of averages -and many times the judgments and conclusions wjiicb^ 
result are just plain incorrect I 

If this brief introduction to probability wes nothing more than cause the 
pupil to question the use of the law of averages, it has served an important 
purpose, 



^ Vocabulary: . Conclusiort^, average. 

J ' ' \, 

Materials: None.'^ • » 

• • ' • - •< 

Suggested Procedure : 

This lesson might best be taught by first letting the pupils read the pupil 
pages 80 thrQugh 85 and then discussing these in class.' You may want to use the 
Pascal triangle in the discussion of Statement A, raising such guestions as: 

. / ■ ■ . -. 

If we toss 5 coins, what is the probability ■ 
' - that all 5 ikll be heads? "(^O 

The discussion of statements about the' law of averages whiqh pupils have 
^ jheard should most interesting. Try to collect some of these references from 
newspapers and magazines to share with the class . 

* • Pupils* may ^question that some of the statements ^n page 8^ are false. They 
may enjoy searching for information relating to these statements. The book, 

' 3e3fi,eve It pr Not^ by Robert L. Ripley^ might appeal to many pupils. 
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The experiment to te done at home can? he done at school if you have time 
fbr it/ 11^ should help pupils see t^at an "average" may conceal a: wide^Talige 
of variations. Call attention to the^large numher of tosses that are sometimes 
required to ohtain a head while at other times heads are tossed several times, in 

row. Notice that we would^ expect the pattern heads-ntails-headsrtails-heads- 
**tails-heads-tails-heads-tails only once in every ^1^02^ times. 

Fgpil page 86 : These exercises are more suitable for class •discussion than for 
independent work. * . " 



1 
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Lesion 12 - Ghosts, Goblins and " Coins that Remember " ..• ' . 

V& 1. Do you believe that there are ghosts? J 

2. : Do you believ€ that there are goblins? 

3. . Do you believe that a coin can remember? / 

You probably answered "No" to all these questions. Yet often we hear 
people talk as if they believe that coins.can think and remember. They really 
do not understand the Ideas in the law of large numbers. Most people c^l ft, 
the law of averages, and they often draw wrong conclusions from it. ^. 

You have heard people say: 

A. "I have tossed an honest coin four times. Each time it came up heads, 
The law of averages says that the next toss will be tails," 

I : , 

Do ypu believe that the next toss is more likely to be tails than heads? 

B. "My teacher uses a spinner to assign positions for the basetlall game 

— u 

of "work up". I haven't been assigned as a pitcher yet this. year. 
Therefore, by the law'qf averages, I'm sure to be assigned»as pitcher , 
'today," • • - ' 

Do you think that this pupil is more likely than not to be chosen as ' 
a pitcher? . . 



C. "I have been tossing an honest die. Ip 23 tosses', the face "with one 
. dot on it has never been up. By the law of averages, it is very likely 
that it will come up on the next toss." - ' 

Do you think the face with one dot is more likely than any other face? 

> ■-: .171 ' -' . ' 



e 



Let's look at each of these exampiles of a misunderstanding of th.e l"law of 
averages". Looic baci^ at statement A . ' 

A. A coin does not have a memory. It cannot " remember' ' 
that it^has-been^ heads on the last lour tosses.' There is % 
an equaf chance for heads or for tails on the next toss. 

We can use mathematics to prove that it is "unusual" to have a coin 
show four heads in four tosses. We can draw a tree diagram, riiake a table, 
or look at the fourthTow in the Rascal Triangle. ' How many diffepnt 
outcomes are there when 4 coins are tossed or when one coin is tossed 
4 times? How many of thes^ outcomes consist of four heads? So, 
P(4 hjads) = . / ■ 

However, this also means that we expect ''^l heads in a row, once every 
16 times that we toss 4 coins. The coin while flying through the air on 
the fifth toss.cannot say to itself, "Well, thafs 4 heads in a row; I ... 

better twist'a bit more and be sure to land tails or I'll mess up the 'law of 

•• ' " ■ 1 - 

averages' '." The probability of heads on jh^ next toss is of course ^, the 

«*same as anypther individual toss. Some people who.misundffstand the 
law of averages think the p/obabifity of tails is much greater than ^ after 
a coin has been heads several times in a row. Do you know people like this? 

. They have forgbtten that whaj: happens on" one toss has NOTHIfslG to do with 
what will happen on thej>^t toss. 
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82 

I Refer to statements B and C . < s ■ 

^ ' B. If there are 9 positions on the baseball field, then the 

I 

.. . probability of getting any otie position is loutof 9. 

The fact that this pupil has rjot been a pitcher yet does. ' 
not cause the spinner to favor one positVon for him over 
the others. He still has only 1 chance in - 9 of being 
, a pitcher today. 

.C. ' This person is overfooking one simple fact about a die — * 

it cannot think! It cannot say, "Let's see now,. I know^ ^ » 

1 • 
the probability of any face is ^ . My face with on^ot 

on it has not beeri up in 23 tosses, so on the next toss 

I'll land so that the face with the' on^ dot is'on the top.", 

This person is thinking, "One face hasn't been up*for a long time, so 
that face is more likely to come up than any of the others." This is a mistake 
about the law of averages that people oftei^ake. He doesn't really believe 
that dice can think, yet he is acting as if they could. Each- face on a die has 
just as much chance to be up as^any other-face. If the face with one dot has 
not been up in 100 tosses, it still has no more chance than any other face 
to be up on the next toss! In fact, it has just one chance out of six.. 



erIc - • ' • . ' -^^'^ 



Can you think of other corrects. incorrect statements that you have 
heard about the law of averages? List some of them. 




Why do so many people misunderstand the law of averages? It is too bad, 
but we all, believe things and arrive at conclusions which just aren't true. 

Which of these statements are false? 
; 1. Lightfiing never strikes twice in the same place. 

2. If you handle a frog, yOull get warts. 
' 3. The end of the Panama Canal on^the Pacific Ocean side '15 
farther west than the end on the Atlantic Ocean side. 

4. Horses are smarter than pigs.^ 

5. George Washington threw a dollar across the Potomac River. 

6. Columbus discovered America. • , 

» • 

/ ' * 

Many people believe some of these statements. Did you believe any of 
them? If you did, it isr|'t at all surprising. However, the six statei?ier|ts 
are/all false. Most of.us believe some things which really aren't true. Why 
is this so? There are many reasons. Among themare: 

1.. We a,re told or we have read something which is not true, but " 
we remember it. . - ■ 

2. We did not understand what we were told or what we have read. 

3. We reasoned incorrectly. ' . 

4. Our experience caused us to believe something that wasnM true. 
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5. We jumped to a conclusion without knowing enough facts. ^ 
"-6. We failed to c-heck our belief against the facts. ' ' 

This list could go on and on. There may be other reasons that you ean 
think of. People arrive at false ideas about-^the law of averages for many of 
these same reasons. We can be fooled unless we are very careful. We 
might believe that an outcome, such as heads on" a toss of a coin; is bounds 
to happen if it hasn't happened for m^ny tosses. It is easy to understand 
how our brain, fools us In this case. It tells us thatfora large number of 
tosses of a coin, heads will occur about half of the time — and this is true. 
This is an example of the law of large numbers. Then we observe that heads 
hasn't occurred for several- tosses and we make the mistake of thinking that 
heads must now start occurring more often to "catch up", with the number 
of tails. This js hot true . RememJ)er, a coin can't think. On each toss, 
there js just as much chance ,for heads t^turn up. as for tails. . 

By using mathematics, we can learn many interesting things. For 

example, from 15 children in your room, there are 6,435 different ways 

you can have" 7 children on a committee. If you choose a 7-member 

committee from 30 students, you have a choice of 2, 035, 800 - different 

committees. Another example is if a coin has been. tossed and heads have 

occurred 7 out of 10 times, chances are less than ^. that tails will 

"catch up", in 100 tosses. The mathematician can tell what will probably 

happen in cases such as thfs. ' ' . ^ 

...r . ' • ' '' ^ 

''The next time that you hear son>e statement about the "law of averages", 

listen carefully. Try to find what the pers(«believes and see If he is using 

iicorr^ly. ' % • ' 
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Exercises - Lesson -12. 
Mark these TRUE or FALSE." 

' ^cr^-UL^ 1. You have been spinning a spinnef that has a dial which 

1 ' 1 
IS « black^^d « red. The last four spins have landed 

/ oA black. It is more likely that the spinner will show red . 

on the next spin "tiian black. 

' V • ' 

^ V 

C-^:--^ 2. The last five new pupils who came to our school were boys. 
^ The^ances are better than equal that the next new pupil 
will be a girl. ^ * • ' 

J'r.Oc^ 3. ThejTpspital reported that^he last sev-en babies born. there 
^ ^ • were girls. ' Itjs more likely-that the next baby born th^e 

j will be a boy than that it will be a girl. 

^^Qc^ ^T^^mie weatherman says that on the average it rains 4 days 
during the month of July. Today is the 27th of July and it 
h|s not rained all month. Therefore, it will rain tomorrov\^ ^ 

r 

5. An auto dealer has 250 new cars and he knows that one - 
out of every five new cars he sells is colored black. This. 
>week he has sold a blue, a white, a greep, and a grey car. ■ 
It is iwe likely than not that the next car he sells will 
be a black one. 
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This experiment may help" you to see why some people draw wrong 
conclusions from the law of averages. 



Problem: ' , . c 

^ How many times, on the average, do you think that^ou would have to 
toss a coin before it comes up heads? Use the chart-on the next page.. 

Procedure: •/ . 

Toss a coin. Count ttve n umber of tosses until you get.a head. For 
example; If you get a headlon the first toss, write- 1 in the column just 
to the right of " I'st head" . Start over. If you do not get a head urrtil the 
f(jurthtoss, write a 4 just to the right of "2ncihead". Continue until 
you have completed column A. Repeat for col umns* B through E. Each 
column provides spaces to record the tosses for 10 .heads. / 

After you have tossed 50 heads, add the number of tosses to get each 
group of ten heads. Divide^aclt^yf^liese-syiBs by 10 to' find the average 
number of tosses nmmXo get one head. 

. Then, add the sums from the five columns and divide by 50 . This- 
gives the average number of tosses to get one. head. Is'this average clos"er 
to 2. than the average for each of theJive columns? How many times did 
it take- more than 5 tosses to get a head? How rhany times did it take 2 
fosses to get a head? How many^HmBS did it take only.,1 toss to get a head? 



1st head 
2rid head 
3rd -head 
4th head 
"5th head 
6th head 
7th head 
a:h head' 
x9th head 
10th head 



SUM 

SUIVl -r- 10 



Number of Tosses to'Get a°Head 



1^ 



D 



' Perhaps now you can see why some people misunderstand the jaw of . 
' averages. With many tosses of a coin, we do see that about half oj the 
fosses are headsVThat IS, it takes 2 tosses, on the average, 4o get heads. 
But, when you pssed a coin, you found that sometimes you 'tossed a^head 
ononly 1 tossl Other times, you had to toss the coin several times to g§t 
3 head." This should help you understand that these people fail to see that 



If 



the "average'.' is made from numbers that differ quite widely and th-at there 
is NOT a "law", which says that you' must get a head ^fter tossing 5 tails, 
for example. " " ' - ' 
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APPENDIX - Probability Devices ' 

Tliis appendix suggests' devices which you might like. to make.^ You can 
. Jthink of games which can be played with them. Decide hqw to orcianize and. 
record the data. These devices can help you in your study of probahifify. 

• 1. ^ Regular Solids , ; - , " • ' 

We have used coins, dice; cubes, ^ards, and other materials to help us 
, learn about probability, but there are fliany devices which are just as' useful. 
The patterns on the next six pages are for the construction of regular solids 
. which can be used in probability experiments. The patterns can be traced on 
. tagboardandthesplids will then l)esturdy.enough . to toss or roll. ' / 

Theietrahedron, octahedron; and hexahedron (cube) are not difficult to 
cpnstrucf. Just fold on the dotted lines and glue th^tabs." * 



The dodecahedron is more diff icUlf to construct. Make the first half 0/ it 
' ^ by cutting to the dotted line at each arrow. Then fold on the dotted lines and^ 
glue the tabs. Complete bvjolding the second |ialf and gluing. it to the first' 
J\a\i tab by tab. Do not mlake both jhalves and then try to put thepi- together. . 



The icosahedron appears difficijlt tof^hstruct, but it isn't. Cu 



to the 



dotted Mnera! each arrow. Then fold and glue the tabs in order, one by ope, 
and it will work out nicely.' ^ . . , 



IPS- , / , ;V :"\y V; 



.glue tabs 



' -If thexiibe is to have 
' ^.!'dots" o\its faces, make 
" . . the dots as shown below! 



, If th,ecube is, to be 
numbered, use the 
numbers as sh'oWn* 
so that opposite faces^. ' 
will have a sum of 7. 




i8iJ 
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glue the tabs 



cut to the 
dotted lirie at 
each arrow 




./IftJr cutting jt out, 
■ ' glue the adjoi'oing 
tab to f tie edges. 



^1 / i A dodecahedron is a 
solid with 12 faqes. 



First half of a Dodecahedron 



It may be numbe 
colored, op even 
as a calendar 



ed, 
used 
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After cutting this out, do not 
glue adjoining tabs to tlie edge. 
Instead, glue one tab at a time 
to the first half of the dodecahedron. 




, 2. Toj^s 



For a small top you need a piece of cardboard, a wood dowel or sucker 
:stick, a straight edge, and a compass. Use a two-inch piece of dowel or 
^ ^ sucker stick. Sharpen one end to a point with a pencil sharpener. 

Use^ com'pass and straight edge to make the dial from cardboard, lyiark 
a point for the center and draw a circle with radius 1^* inches. Mark any 
point on the circle and, with that point as center, strike an arc with the same 
radius to intersect the circle.. Continue to strike arcsarou'nd the circle. ^ 

First point 




Connect points marked and cut off the duter part of the region to make a 
hexagpna-l region. Divide it as desired. Here are spme suggestions: - 




Poke tlie sharpened end- of the stick through the center of the hexagon. 
(A drop of glu^lvitfjielp to ke^p it from wearing too large a hole, but experi- 
ment first to find the best balance for the top. ) Spin the stick between thum^ 
and forefinger. . Spin the top on a flat surface. The edge that stops against , 
the taSle is the pne that is counted. \. * 

Alacge top may be made in the same way. An ordinary pencil n^kes an 
adequate stick. It is a good idea, however, to slit the cardboard*a long the 
division lines at the center before inserting the pencil.. Use gl6^o fasten 
the cardboard to the pencilf ~ 

The top can also be made with eight edges or with twelve. Do you know 
hoWtadothis? . 





You can make a top with two or three dials. Use a suck'fer stitk or thin ' 
' dowelj .3^ inches long and sharae(ned at one^nd.S|Vlake a circular cardboard 
dial 6 Inches in diameter.'^nscribe a hexagon, butjdo not cut it.out. Cplor 
as shown : 
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Insert the stick tfirough the center'and glue the dial to the stick. 

Wh^n the glue is dry, place overthe dial a "bearing" made of a piece,of ^ 
milk carton 1 inch square with a hole jn the middle. Make another diaP 6 
inches in diameter^ but if possible use.cardboard that is slightly lighter in ' - 
weight. Inscribe a hexagon, color, .and Qut as shown: 

' ■ 



blue 



/ orange \ / 


red \ 


\ V purple / \ 


i^ellow // 


\\ / green 








• . ( 





5 o 
Make cuts « inches long on^ the 

o « 

linesr as shown'^B'y arrows. Bend f 
the cardboard up on the right of • 
each cut to make a'triangular . 
"wind^tcher". 



' Place this dial on top of the b^rmg. ' Before spinning thelop, line up the 
two dials so that the colors match. Jhe bent-up'.cardbo'ard'will let you do ' 

thi$. Spm. 'Record the number of *spins necessary before the colors agaip 

■ ■ ■ . ■ ' . r 
match. How many spins woultf you expect it- to takf? 
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3. Spin'ners • / . ' » 

Spinners which come with most games h^e a fixed dial and an arrow 
which Js,plns.,\ Yog can make this type of spinner. Another spinner which is 
eas^rly'constrjdCted*^is.one in which the dial sfiins, as shown injhe drawing. 
-vConstrgct^the; base out of heavy tag board. Use a heavy paper cHpior tl>6 post 
an(fji>en various dials may b6 exchanged and'tlsed on tiie base. , ' 



99 ^ 

Another spinner with dials which go from large to small can illustrate how 
items can be put into an order. Each heavy cardboard dial is divided into a \ 
^umbero^eqtJahj5^ts^ The nuinber of. parts is the same 'as the number of ^ 
• items to be ordered. For example, to experiment to see how foiir rows in a 
class]\om migl^e dismissed for lunch, each of four dials is- divided into four 
equal parts.. (A dfal Is made for each\row. ) Spin the dials andrecord how they 
fmT up with the arrow on the base. This device can be used to illustrate an 
orderly way of arriving at and listrpg the-various arrangements. 



. t 



\ 
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4. A Windmill 



Cut fouj; pieces of file card or tagboard to make^two vanes/ 




staple two pieces together in two places as shown in sk%i^. ^olpr one sijje , 
of this vane red with a pencil or crayon. Insert a sucker~jsj^ in th^Jddle 
between the two pieces. * Use a punch to make a hole in a piece of milk carton 
one-half inch square for a "bearing,". Staple thepther two pieces of file card ' 
together'to^ma]^ a second vane., - Mark onef^icjj as before/and inser^e t^ , 
Qf.'the stick between them. Paste, a.strip of gummed paper fkr tape ovef^dne end 
of a small spool. Put the endj^f thd"§tick into thje hole at the other end of the ' 
spooL Hold the spool aod blow the file card vanes. Th^y should turn quickly. ^ 



arrd indepefidently. 




staple^ 



milk carton bearir 



Practice blowing, a-.'f^vtimes. 
When vanes haveiti^jped turning, 
la^them gentlyioaj flat^^urface 
sBthat both vanes are fl9.t}on th^, . 
surface. Therfrecqrd whether --^ 



B 




both van^s -are red/.on^ is red . 
and one.is, White,, or bot^ are = 
vvhite. After fifty trials, do the 
the results ofihe experimint " . 
fit with the pxpected results? 
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Whiply - bird • '< 

• • This IS another type of windmilL . " ' 

■ Use a section .of quarter- inch dowel about two feet long. Wax it by 
rubbing it with a piece of crayon. Follow the directions as given iot a wind- 
mill and make as many file-card vanes and milk-carton bearings as desired. 
Hold the dowel at both ends, like a harjnonica, and blow. When vanes have 
stopped turning, lay the Whirly-bird gently on a flat surface so that all 
vanes are on this surface. One vane corresponds to one coii;!, so ten vanes 
can be used .to duplicate an experiment of "tossing ten coins''. Can you 
^think of other ways to color the vanes so -that other experiments carf be* 

^ . done? . ' ■ . , ' ' • 




r 



5. ' Spoori device • . ' 

Use two plastic picnlc*spoons of different colors/ Lgy th'e handle of one 
on the handle of the ither sothat'the bowls are at oppps^ite ends and face 
opposite ways. Fasten^'with two rubber bands as.shown at arrows. • 



. / 




m 



X 




Roll the handles between your palms and drop on a table from a. height of a " 
foot or so., .The spoon on top counts.. Is it just as likely that one spoon will 
be up as the other? ' ' , ' « . 

6. Sampling Boxes ( Urns ) _ <> 

Many probability experiments require a sa^mpling to be taken in;a random 

^ ^ • 

manner. This device uses various colored marbles. . 

An oatmeal bol serves well as the container (urn). Cut round holes, ^ 
ten, for example, in the bottom of the box. These holesrshould have a ^ 
diameter -slightly smaller than'tirfe marbles so the marbles can be seen in 
them. Chinese Checker marbles ' 
serve welj'and come in packages\ ' . I Jj \ 
of 6 colors, 10 of each. ^ .. ^- ~^ 



« o 



I 



\ 
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' Egg - Carton Sampler " \ 

An egg cartOn and some marbles can be used-fo'r experiments. For 
example, color alternate pockets of the earton black. Place 5 black marbles 
and 5 white, ones inside the c^ftorv. Close the lid^ tuVb the carton upside 
down, and allow the marbles to roll around. Flip the carton upright and 
open the lid. Reogrdthe information you are interested in, for exai^ple, 
the number-i5^f black marbles in black*pockets, etc./' ^ 



'/ 





J 



K 
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8. Hexawhirl 



This. gadget works like an old-fashioned button-OQ-a-string toy. . Cut from 
cardboard two circles with radius 1^ inches. In each, punch two holes just 
big enough to insert a piece of strong string. The holes should b^ punched . 
on oneof the diameters of the circle, each \ inch from the center. (See ' 
points marke^' X in Figure A.) 




' Make tk or more cardboard hexagons using a 2-^ inch radius for the first, 
a* 3 incfi radius for; the setond, etc. Cut a hole with radius 1^ incte in 
the middle of each hexagon and number the sides' 1' throu|ft^'l\- (See ^ 



Figure B.) 






B 






Use.a- strong string. 50 inches long. IVisert one end through a hole^rh5in,e of 
the circles, through the smaller hexagon, then the larger hexagon, {making 
sure the numbered sides face.the-^am'e way), and then through the. other 
•cTrcre. Leave a loop of string beyond the circle and insert the string through 

*the other holexif the second circle, bSck through the larger hexagon, the" . 

;^ • . •. * , ■ . ^ . , 

smaller hexagon,, and the, first circle. T-le tiie ends pf the string together to 
^ake i second loV Adjust the cardboard pieces so fhat th'e loops on each 
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7. A Probability Scale , 

When tossing two dice or other regular-solids-, it helps to construct a 
^ table'foi; counting how maliy ways a cer'lain sum or product can be obtained. 
Two cubes, for example; give the following SAjms. 



Sums 

'2* 

3 • 
; 4 
,5 
6 
7 
• 8 

.40 

U 
12 



Possible Combinations x 

(i;i)' ■ ■ ^ ^ ' t ■ 

(1.2) , (2,1) _ . 

(1.3) , (2,2), (3,1) 

(1.4) '(2,3), '-(3,2), (4,1) 

(1.5) , (2,4), (3,3), (4,2), (5,1) 

(1.6) , (2,5), (3,4); ^3), (5,2),^ (6,1) 

•(2,6), (3,5): (4,4),. (5,3), (6,2) • 

• ; H3J), (4,5), (5,4), (6,3) 

' (4,6), (5,5), (6,4> ' 

' " •(5,6),J6,5) ' 



No. of Ways - 

V r - ■ 

2 
3 

- 4 
• 5 

: 6 

4 

. 5 . 

' 4',- 

• 3 . 

' 36 ^' - 



This'information can be placed on two number lines on strips, of cardboard 
as In the Sketch. j * . 



. 1 ■ 2 3 ■ ' 
I I ,.| 


\ 5 ■ 6 • 

1 -1 : 






1 I- J 1 1 1 

6 5 - ^ . . 3 ■ .2 1' 

r 

t ' ' * ' " 

1 ^ T^-T 1 



Tfoe two strips can be placed in-.pbck^ts of,a larger piece of cardboard so that 
, by sliding the scales ajong, one quickly sees the number of pcrssible combing 
tidns. This figure shows the 4 possible combin'atiops of a sum of 9: ' ■ 

^ . . . • - 

Scales for other solids may also be, constructed; . ' L , , 



.^ide of the carclboard are the same length. Th^ere should be just enough 

* ^ ' ' ' ■■ ' 

space between the circula'r pieces for the hexagons to turn on the string. 

Fasten the circles to the string with a drop of glue. Make"'an arrow on the, 

• -.circle liext to the s ma I fer hexagon. (S-eeFjgure, C!) 
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To operate the hexawhirt hold a loop in each hand and. swing the cardboard 
pieces around and around (25 or more times) until the loops of string are 
twisted. Pull the loops until the twisting is undone, release to allow string 
to twist the other way, and pull again. With practice you can make the ' 
hexagons spin rapidly between the circles. Stop, and see which sides'of the 
h6xagons are in line with1lj£Larrow (2 on the smaller, 3 on the larger, 
'for instance). ExpeF|mem to find otrWfihe results are similar to those 
obtained by throwiWj^ dice. 



